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Abstract. We consider stacks of filtered 95- modules over rigid analytic 
spaces and adic spaces. We show that these modules parametrize p-adic 
Galois representations of the absolute Galois group of a p-adic field with 
varying coefficients over an open substack containing all classical points. 
Further we study a period morphism (defined by Pappas and Rapoport) 
from a stack parametrising integral data and determine the image of this 
morphism. 



1. Introduction 

In p-adic Hodge theory one considers filtered (/^-modules as a category 
of linear algebra data describing crystalline Galois representations. More 
precisely, there is an equivalence of categories between crystalline represen- 
tations and weakly admissible filtered 99- modules (cf. |CF| Theorem A]), 
where weak admissibility is a certain condition relating the slopes of the 
Frobenius $ with the filtration. 

In their book |RZ| . Rapoport and Zink consider geometric families of these 
modules. More precisely they fix an isocrystal over VF(IFp)[l/p] and consider 
for a given coweight v the flag variety J^u over M^(Fp)[l/p], where i' prescribes 
the jumps of the filtration. They show that there is an admissible open 
subspace C J-""^ parametrizing those filtered 99-modules that are weakly 
admissible with respect to the given isocrystal. 

In this paper we consider arithmetic families of filtered (/^-modules. That 
is, we fix a local field K of characteristic 0, and study a stack on the category 
of rigid analytic spaces parametrising i^-filtered (/j-modules with coefficients 
defined by Pappas and Rapoport in |PR) . The difference with the geometric 
situation is that we do not fix an isocrystal (i.e. the Frobenius may vary) 
and the filtration also varies. We define a notion of weak admissibility in this 
context, and show that the weakly admissible locus in this stack is an open 
substack. Here we work in the category of adic spaces introduced by Huber 
(see |Hu3| for example), instead of the category of rigid analytic spaces. 

The work of Kedlaya and Liu |KL] shows that the category of Berkovich 
spaces (see [BeJ for example) is not the right category in which to address 
these questions, since the locus where certain modules over the Robba ring 
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are etale is not an open subspace. This phenomenon appears here again, 
since the weakly admissible locus will not be a Berkovich space, as we show 
by an explicit example (Example \4A\\ . Kedlaya and Liu formulate the local 
etaleness of (/^-modules over the Robba ring in terms of rigid analytic spaces. 
However, we cannot apply their result, since a covering by admissible open 
subsets is not necessarily an admissible covering. This is the reason why we 
are forced to work in the category of adic spaces. In fact, we will generalize 
the theorem of Kedlaya and Liu to the setting of adic spaces. 

In the geometric setting of |RZj . there is a period morphism from the 
moduli space of p-divisible groups to a certain period domain J^^. The 
image of this morphism was described by Hartl in |Hal| , |Ha2) and Faltings, 
[Fa]. As an analogue to the moduli space of p-divisible groups, Pappas and 
Rapoport define in [PRJ a formal stack parametrising modules that appear 
in integral p-adic Hodge theory developed by Breuil and Kisin (see |Br2| 
for example). They also define an analogue of the period map of |RZ| . In 
this paper we will determine the image of this period map, confirming a 
conjecture of Pappas and Rapoport. 

Finally we construct an open substack of the stack of weakly admissible 
filtered modules and a family of crystalline representations on this stack, 
i.e. a vector bundle with a continuous Galois action which is crystalline. 
We show that this subspace is in fact universal for families of crystalline 
representations. 

Our main results are as follows. Let X be a finite extension of Qp and 
denote by Kq the maximal unramified extension of Qp inside K. We fix an 
integer d > and a dominant coweight v of the algebraic group Res^ /q^ GL^ 
with associated reflex field E. We denote by the fpqc-stack on the cat- 
egory of rigid analytic spaces over E (or, slightly more generally, on the 
category of adic spaces locally of flnite type) whose X-valued points are 
triples {D,^,J^*) with a locally free Ox i^o-™odule D, a semi-linear 
automorphism <I> and a flltration of D K which is of type v. It is easy 
to see that this stack is an Artin stack, where we define an Artin stack on 
the category of rigid spaces (or adic spaces) exactly as on the category of 
schemes. We will define a notion of weak admissibility for all points of the 
adic space generalizing the usual notion (cf. |CFt 3.4]) at the rigid analytic 
points. 

Theorem 1.1. The weakly admissible locus is an open substack C Du 
on the category of adic spaces locally of finite type over E. 

We will also consider the following stack Ck on the category of Zp-schemes 
on which p is nilpotent. The S"- valued points of Ck are tuples (SOi, ^>), where 
QJt is a (fpqc-locally on S) free Os(8>2pVF[[u]]-module together with a semi- 
linear injection <^ : 571 — > 9Jt whose cokernel is killed by the minimal poly- 
nomial over Kq of some fixed uniformizer of K. Here W denotes the ring 
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of integers of Kq. The category of those modules was introduced by Breuil 
and studied by Kisin in order to describe finite flat group schemes of p- 
power order over Spec Ok and hence to describe p-divisible groups in the 
hmit. Given a miniscule cocharacter i^, Pappas and Rapoport define a closed 
substack Ck,i/ of Ck by posing an extra condition on the cokernel of the semi- 
linear injection <I>. For a formal scheme X over Zp they also define a period 
map 

that maps the Zp-point associated with a p-divisible group over Ok to the 
filtered isocrystal of the p-divisible group. We will show that the map indeed 
factors through the weakly admissible locus and we describe the image of 
the period map as follows. In |!Ki2 j . Kisin shows that there is an equivalence 
between the category of filtered y^-modules and a certain category of vector 
bundles on the open unit disc together with a (/3-linear map. We will show 
that the equivalence of categories generalizes to families. As the notion of 
weak admissibility (for filtered isocrystals over <Qp) translates to the property 
of being etale over the Robba ring, we will define a substack 2!)™* of 
consisting of those filtered (/9-modules whose associated vector bundle is etale. 

Theorem 1.2. Let v he a miniscule cocharacter. The stack is an open 
substack ofT)"^^ {on the category of adic spaces locally of finite type over the 
reflex field of v) . It is the image of the period morphism in the sense that a 
morphism X D^^, defining {D,^,T') € T)i,{X), factors through D™* if 
and only if there exists a covering {Ui)i^i of X and p-adic formal schemes 
lAi together with ^i) € CK,viUi) such that Uf^ = Ui and 

Finally we go back to crystalline representations. We consider vector bun- 
dles £ on an adic space X endowed with an action of the absolute Galois 
group Gk of K. As the structure sheaf Ox is a sheaf of topological rings and 
f is a vector bundle, all spaces of sections T{U, £) of £ over some open subset 
U have a natural topology and hence the notion of a continuous Gj^-action 
on £ makes sense. A vector bundle £ with a continuous Gx-action such that 

D^,;,{£) = {£^Q^B^risf'< 

is locally on X free of rank d = i]i£ over Ox '^Qp Ko is called a family of 
crystalline representations on X. 

Theorem 1.3. Let v be a miniscule cocharacter ofHesK/QpGLd- Then the 
groupoid of families of crystalline representations of Hodge- Tate weights v is 
an open substack Dff"^ o/2)™*. 
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The following diagram summarizes the stacks that appear in this paper in 
the case of a miniscule cocharacter u. 

^adm 




^ Qu- 
aere is a stack of vector bundles on the open unit disc that appears 
as an intermediate step of the period morphism. By the adification of the 
stack Ck,u "we mean the stack mapping an adic space X to the limit of 
Ck,u{'^) foi' all formal models X of X. The map Cf^^ Dj,"* then is the 
localization map of Cf^ to its isogeny category. The vertical arrows on the 

right are all open embeddings and = = for all 

finite extensions F of the reflex field oi v. In general the inclusion of D^™^ 
in is a strict inclusion, as shown in Example 18.291 It is an open question 
whether S™* = D'^'^, compare Remark 16.121 

We now outline the structure of this paper. 

In section 2 we will recall some basic facts and concepts from p-adic Hodge- 
theory and the theory of adic spaces. 

In section 3 we introduce filtered isocrystals with coefficients in a valuated 
field. These objects will appear as the fibers of our families. We introduce 
the notions of semi-stability and weak admissibility, and establish a Harder- 
Narasimhan formalism. 

In section 4 we define the stacks of filtered isocrystals and prove our first 
main result. Theorem 11.11 

In section 5 we study the relation of filtered isocrystals and vector bundles 
on the open unit disc which was introduced by Kisin. 

In section 6 we discuss the notion of being etale over the Robba ring in fam- 
ilies, slightly generalizing a result of Kedlaya and Liu about local etaleness 
of those modules. This allows us to determine the image of the period map 
in section 7 and prove Theorem 11.21 

In section 8 we construct a family of crystalline Galois representations on an 
open substack and show that this family is universal. 
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2. PRELIMINARIES 

Throughout the whole paper we fix the following notations: Let be a 
finite extension of Qp and write Ok for its ring of integers. Fix a uniformizer 
vr e Ok and write k = Ok/t^Ok for the residue field. Let W = W{k) be 
the Witt ring of k and Kq = W[l/p\ the maximal unramified extension of 
Qp inside K. Further we denote by E{u) € W[u\ the minimal polynomial of 
vr over Kq. 

Fix an algebraic closure K of K and write Gk = Ga\{K/K) for the 
absolute Galois group. Further we choose a compatible system iTn of p"- 
th roots of TT in ^ and write K^xi for the field obtained from K by adjoining 
the TTn- Let Gj^^ = Gal{K / Kao) denote the absolute Galois group of i^oo- 

2.1. Some p-adic Hodge-theory. For further use we define some rings of 
p-adic Hodge theory used in Kisin's papers |Kil) and |Ki2f^ . 
Write aI"'"*^^ = and A for the p-adic completion of W{{u)). Further 

B = A[l/p]. Let R denote Fontaine's ring 

R = lunOcJpOc, 

where the transition maps in the limit are given by the p-th power map. Let 
vr denote the element (vr, tti, 7r2, . . . ) G R and write [vr] for the Teichmiiller 
representative of vr in the Witt ring W{R) of R. We may regard B as a 
subring of VF(Frac -R)[l/p] by maping u to [vr]. The lift ip of the absolute 
Frobenius on R maps [vr] to [vr]^ and hence this embeddings is 99-equivariant. 
Write B for the closure of the maximal unramified extension of B inside 
W(Frac R)[l/p] and denote by A its ring of integers. Then A is a complete 
discrete valuation ring (for the p-adic topology) with residue field the closure 
of k{(u)Y'^^ in Fraci? and we have an injection A ^ W(FracR) which is 
continuous for the canonical topology of A. 
We write A^'^) = A n W{R) C W{FvacR). Then we have 

A'^=^'^ = Zp, A^^- = A, 



Our notations here differ from the ones in Kisin's papers. 
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The Galois group Gk^x, is isomorphic to the absolute Galois group of 
k{{u)), see |BrCo| Theorem 11.1.2] for example, and its representations on 
finite dimensional Qp-vector spaces are described in terms of etale (/^-modules 
over B, i.e. finite dimensional B-vector spaces N together with an isomor- 
phism ^ : (p*N ^ N such that there exists an A-lattice ^ C N with 
$(99*^) = Given an etale 93-module (N,^) over B, we write 

(2.1) VB{N) = {N®BBf="' 

for the associated G^-^ -representation. 

Remark 2.1. In fact Kisin considers slightly smaller period rings. Instead of 
B he considers the p-adic completion of the maximal unramified extension of 
B inside W{FrsiC R)[l/p]. But as B has the same 99 and G/^^ -invariants the 
period ring considered in Kisin's papers, the theory works with our definitions 
as well. The advantage of our definition is that is makes it easier to define 
the sheafified versions of the period rings. 

Let ^cris denote the p-adic completion of the divided power envelope of 
W{R) with respect to the kernel of the surjection 6 : W{R) — )• induced 
by 

[{x,x^/P,x^/p\...)]^x. 

Let = Acris[l/p] and Bcris = -^cris I denote Fontaine's ring of crys- 

talline periods, where 

t = log[(l,ei,e2, . . . )] 

is the period of the cyclotomic character. 

Recall that a representation of Gk on a d-dimensional Qp-vector space V 
is called crystalline if 

is of dimension d over 

-^0 = 5cn^- The i^o-vector space DcrisiV) is equipped 
with a semi-linear automorphism $ and a descending, separated and ex- 
haustive filtration J^* on Deris (^) ^Ko K. Such an object is called a filtered 
(y9-module (or filtered isocrystal) over K. A filtered isocrystal (Z?, <I>, J-"*) is 
called weakly admissible if 

Vp{dei ^) = ^i dimx gri{D K) , 

i 

Vp{dei ^D') > X] ^ gi"j(^' ^Ko K) y D' C D, D' ^-stable. 

i 

Then there is an equivalence of categories between the category of crystalline 
representations and the category of weakly admissible filtered 99-modules over 
K, see [CFl Theorem A]. 
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2.2. Adic spaces. Let A. be a topological ring over Qp. By a valuation (in 
the sense of |HuH 2, Definition]) on A we mean a map v : A ^ U {0} to 
a totally ordered abelian group J^y (written multiplicatively) sucli that 



where the order on r„ is extended to r„ U {0} by < 7 for all 7 G r„. 
The valuation is called continuous {a (z A \ v{a) < 7} is open for all 
7 € r„. If C A is an open and integrally closed subring, Huber defines 
the adic spectrum of {A,A~^) as 



This space is equipped with a structure sheaf Ox and a sheaf of integral 
subrings Oj^, see |Hu2| 1]. 

Given a finite extension E of Qp we denote by Rig^ the category of rigid 
analytic varieties over E (cf. [BGRi Part C]) and by Ad^; the category of adic 
spaces over E in the sense of Huber. We have a fully faithful embedding of 
Rig^ into Ad^; that factors through the full subcategory Ad'^* of adic spaces 
locally of finite type over E, i.e. adic spaces that are locally isomorphic 
to Spa.{A, A°) for an E'-algebra A that is topologically of finite type over 
E and where A° C A is the subring of power bounded elements. In fact, 
this embedding identifies the category of quasi-separated rigid spaces with 
the category of quasi-separated adic spaces locally of finite type over E (see 



For an adic space X and a point x E X we will write Ox,x for the local 
ring at x and mx,x for its maximal ideal. We denote the residue field at 
X by k{x) and write Vx ■ k{x) — >■ U {0} for the corresponding valuation. 
Further we write k{x) for the completion of the residue field (with respect 
to its natural topology). We write 



for the inclusion of the point x. 

If J-" is a (quasi-coherent) sheaf of Ox-modules (resp. Oj^-modules) on X 
we write T ® k{x) for the quotient of by xnx,xJ'x (resp. mJ^J-'^), where 



v{0) = 
v{l) = 1 
v{ab) = v{a)v{b) 



v{a + b) < max{u(a), t>(6)} 




isomorphism classes of continuous valuations 
V : A^TyU {0} such that v{a) < 1 for ah a e A+ 



[M 1.1.11]). 



Lx : Spa(A;(x), /c(x) ) = Spa(A;(x), A;(x)'^) ^ X 



Tx = limF(C/,^). 



U3X 



More generally, let X 1-^ ^x be a sheaf of quasi-coherent algebras (over 
Ox or O^) such that for every map f : X ^ Y there is an induced map 
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/ — >■ Six- Let J-" be a quasi-coherent ^y-module. Then we write 

If Q is another (quasi-coherent) sheaf of =^y-modules, we write om.^y ^) 
for the sheaf of continuous homomorphisms from to Q. 

We will talk about stacks on the category Ad'^* and hence want to make 
clear what we mean by the fpqc-topology. A morpliism / : X — ?> y of 
adic spaces is flat if the local ring Ox,x is flat over Oyj{x) for all x X 
or, equivalently, if for all open afhnoids U = Spa(^, ^"'") C Y and V = 
Spa{B,B^) C f^^{U), the ring i? is a flat A-algebra. The morpliism / is 
called faithfully flat if it is flat and surjective. It is an fpqc-morphism if it is 
faithfully flat and quasi-compact. 

In the case of rigid analytic varieties the notion of being faithfully flat is 
defined in terms of formal models (see |BGl 3] for example) . A quasi-compact 
morphism of formal 0£;-schemes f : X' X is called faithfully rig- flat if 
there exist coverings X = IJie/ Spf Ai of X and /~^(Spf Ai) = UjgJi Spf A'j 
such that the induced map 

jy Spec A'j — > Spec Ai 

is faithfully flat over the complement of the special fiber for all i G I. 
As usual a morphism is called quasi-compact if the pre-image of any quasi- 
compact subspace is quasi-compact. The property of being faithfully rig-flat 
is stable under admissible blow-ups and hence gives rise to the notion of an 
fpqc-morphism in the category of rigid analytic varieties. 
A morphism / : X — )■ X' in Ad^* is an fpqc morphism if and only if it is 
quasi-compact and if locally on X and X' (for the topology of an adic space) 
it is induced by an fpqc morphism in Rig^;. 

By |BGl Theorem 3.1] the category of coherent sheaves is an fpqc-stack on 
the category Rig^;. Hence the same is true for the category Ad'^*, as we can 
glue coherent sheaves locally in the topology of an adic space. 

Similarly to the case of stacks on the category of schemes we say that an 
fpqc-stack F on the category Rig^; (resp. Ad'^*) is an Artin stack if the 
diagonal is represent able, quasi-compact and separated and if there exist 
a rigid space U (resp. an adic space locally of flnite type) and a smooth, 
surjective, relatively representable morphism U ^ F. 

3. Filtered vj-modules 

Throughout this section we denote by F a topological field containing <Qp 
with a continuous valuation vp : F Tp L) {0}. Recall that Kq is an 
unramified extension of Qp with residue field k and write / = [Kq : Qp]. 
We write (p for the lift of the absolute Frobenius to Kq. Further X is a 
totally ramified extension of Kq with ramification index e = [K : Kq]. In 
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this section we briefly introduce filtered isocrystals with coefficients. We refer 
to |He| 2] for a more detailed discussion. 

Definition 3.1. An isocrystal over k with coefficients in F is a, free F^q^Kq- 
module D of finite rank together with an automorphism ^ : D ^ D that is 
semi-Unear with respect to id(5D(/3 : F Kq — t- F (S)Qp Kq. 
A morphism / : {D, {D' , $') is an F (giQ^ ^ftTo-hnear map f : D ^ D' 

such that 

/ o ^. = o /. 

The category of isocrystals over k with coefficients in F is denoted by 
Isoc(/c)ir. 

Definition 3.2. A K-filtered isocrystal over k with coefficients in F is a, 
triple {D, <I>, F*), where (D, <I>) G Isoc(A;) p and F' is a descending, separated 
and exhaustive Z-filtration on Dk = D K by (not necessarily free) 
F (8iQp X-submodules. 
A morphism 

is a morphism / : {D, ^) {D' , <!>') in Isoc(A;)ir such that f®id : Dk D'j^ 
respects the filtrations. 

The category of i^T-filtered isocrystals over k with coefficients in F is denoted 
by FilIsoc(A;)f . 

For an extension F' of F with valuation vp' ■ F' Tp' Li {0} extending 
the valuation vp we have an extension of scalar s 

-(g)pF' : FilIsoc(A;)f — y FilIsoc(A;)f,, 

mapping J"') € Fillsoc(fc)^ to the triple {D 0p F' ,^ (^id, F' (^p F'). 

If F' is finite over F, we also have a restriction of scalars 

ep,/p : FilIsoc(fc)f, FilIsoc(A:)f . 

This functor maps {D' ,F'*) G FilIsoc(A;)^, to itself, forgetting the F'- 
action but keeping the F-action. In the following we will often shorten our 
notation and just write D for an object (D,<I>, J-"*) G FilIsoc(A;)^. 

We now define weakly admissible objects in Fillsoc(fc)^. Write Tp®^ for 
the localisation of the abelian group F p . Then every element 7' G F^? (g) Q 
can be written as a single tensor 7 (81 r and we extend the total order of F^;' 

to Fir(g)Q by 

Definition 3.3. Let (L>,^>, J"*) G FilIsoc(A;)f . We define 
deg J"' = ^ dimiT' gr^ F' 

degpiD) = {vp{deip ¥) j^)-^ vpipf""^^^"^ eVp®Q 
lip{D) = degp{D){l i) G F^ ® Q. 
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We call ^f{D) the slope of D. 

Remark 3.4. One easily sees that the slope /ii? is preserved under extension 
and restriction of scalars. Hence we will just write jjb in the sequel. 

Definition 3.5. An object (D, <I>, J^*) € FilIsoc(A;)^ is called weakly admis- 
sible if, for all <I>-stable subobjects D' C D, we have /i(-D') > /u(-D) = 1. 

Remark 3.6. Let (D,<I>,J-'*) € Fil Isoc(A;)q^ and denote for the moment by 
Vp the p-adic valuation of Qp. Then 

Hence we see that D is weakly admissible if and only it is weakly admissible 
in the sense of [CFl 3.4]. 

There is a Harder-Narasimhan formalism for objects in FilIsoc(/c)^ as in 
[FFl 3] or |DOR| Chapter 1]. The main consequence of the existence of a 
Harder-Narasimhan filtration is that weak admissibility is preserved under 
extension and restriction of scalars. We refer to [He, 2] for a more detailed 
discussion in the case of an arbitrary valuation. 

Proposition 3.7. Let F' be an extension of F with valuation vpi extending 
Vp and D G FilIsoc(A;)^. If D is semi-stable of slope fi, then D' = D ®p F' 
is semi-stable of slope fx. 

If in addition F' is finite over F and D' € FilIsoc(A;)^, is semi-stable of 
slope n, then ep'/p{D') € FilIsoc(A;)^ is semi-stable of slope ii. 

Proof. This is [Hil Corollary 2.22]. □ 

4. Families of filtered (/9-modules 

We now consider families of the objects introduced in the last section 
parametrized by rigid analytic and adic spaces. 

4.1. Stacks of filtered yj-modules. Let d be a positive integer and v an 
algebraic cocharacter 

(4.1) i/:Q; ^(Res^/Q^Ax)(Qp), 

where A C GL^ is the diagonal torus. We assume that this cocharacter is 
dominant with respect to the restriction B of the Borel subgroup of upper 
triangular matrices in (GLd)x- This cocharacter is defined over the reflex 
field E C Qp. Let A denote the set of simple roots (defined over Qp) of 
Res^/Q Ghd with respect to B and denote by /S.y C A the set of all simple 
roots a such that {oi,v) = 0. Here (— , — ) is the canonical pairing between 
characters and cocharacters. We write for the parabolic subgroup of 
(Resjf/Qp Ghd) containing B and corresponding to Aj, C A. This parabolic 
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subgroup is defined over E, and the quotient by this parabohc is a projective 
variety over E, 

GlCK,u = (ReSK/Qp GLd)E/Pu 

representing the functor 

S ^ {filtrations T* of Os f^Qp K'^ of type v} 

on the category of £^-schemes. Here the filtrations are locally on S direct 
summands. Being of type v means the following. Assume that the cochar- 
acter 

n GL,(Qp) 

is given by cocharacters 

i/^ : A ^ diag((A^i(^))(™i(^», . . . , (A*'-W)(™'-(^))) 

for some integers € Z and multiplicities mj{ip) > 0. Then any point 

F* G Gix^(Qp) is a fihration Y[^F'^ of W^Q^ such that 



diniQ^ gTi{Fl] 



iiii{ii{iP),...,irm} 
mj{il)) if z = 



We denote by Gr^^ resp. Gr^^^ the associated rigid space, resp. the asso- 
ciated adic space (cf. |BGR| 9.3.4]). 

Given u as in (|4.ip and denoting as before by E the reflex field of u, we 
consider the following fpqc-stack Di, on the category Rigg (resp. on the 
category AS^). For X S Rig^; (resp. Ad^^) the groupoid 'S^{X) consists 
of triples {D,^,J^*), where D is a coherent Ox ^Qp -fCo-™odules which is 
locally on X free over Ox ^Qp Kq and $ : D — )■ D is an id (Sx/'-hnear auto- 



morphism. Finally is a filtration of Dk = D 0Qp K of type v, i.e. after 



choosing fpqc-locally on X a basis of I?, the filtration induces a map to 



Gr^e^ (resp. Gr^^J, compare also |PR1 5. a]. 



One easily sees that the stack Dy is the stack quotient of the rigid space 
X, = {ResK,,QpGU)i^-^GT% 

by the 99-conjugation action of (Res^^g/Q^ GL^^)^^ given by 

{A,F').g = {g-^A^{g),g-^r). 
Here the canonical map Xi, "Dy is given by 

{A,r) ^ (Ox. (»Q, K^.A{id®^),F*). 



Hence D^, is an Artin stack in the sense of section 2. Of course the corre- 



sponding statement in the category Adg is also true 
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4.2. The weakly admissible locus. Fix a cocliaracter v with reflex field 
E as in tlie previous section. If X G Ad'g and x G X, tlien our definitions 
imply that, given (D,<I>,J-'*) G we have 



{D (g) (g) id, J"' (g) G FilIsoc(A;)^^.) and 



4(A^,-^')GFilIsoc(A;)^^^^. 

Our first main result is concerned with the structure of the weakly admissible 
locus in the stacks 2);^ defined above. 



Theorem 4.1. Let v he a cocharacter as in l\4.1\l and X be an adic space 
locally of finite type over the reflex field of u. If {D,^,J^*) G Di,{X), then 
the weakly admissible locus 

X^'"^ = {x e X \ {D k{x),^ (g) id, T* (g k{x)) is weakly admissible} 

= {x £ X \ L*{D,^,J^') is weakly admissible} 

is an open subset. Especially it has a canonical structure of an adic space. 

We can define a substack D]^^ C consisting of the weakly admissible 
filtered isocrystals. More precisely, for an adic space X the groupoid S)^^(X) 
consists of those triples (Z),^>, J-"*) such that (D (g k{x),^ (g id, J-"* (g k{x)) 
is weakly admissible for all x G X. Thanks to Proposition 13.71 it is clear 
that this is again an fpqc-stack. The following result is now an obvious 
consequence of Theorem 14.11 

Corollary 4.2. The stack on the category of adic spaces locally of finite 
type over the reflex field off is an open substack ofT>u- Especially it is again 
an Artin stack. 



Proof of Theorem \4-l\ First it is clear that 

{x £ X \ {D (S> k{x), <I> (g id, J-"* (g k{x)) is weakly admissible} 
={x G X I t* (D, J^*) is weakly admissible}, 

as weak admissibility is stable under base change. We only need to treat the 
case 

X = X, = {ResKo/Q, GL,)f x Gr^^,, 

which is locally (after choosing a basis of D) the universal case, again using 
the fact that weak admissibility is stable under base change. 
Let V = Qf and Vo = Kq V. Then ResK^/Q, GL^iR) = GL{R Vq) 
for a Qp- algebra R. 

For i G {0, . . . ,d}, consider the following functor on the category of Qp- 
schemes, 

S C Os (gQj, Vo locally free Os 0Qp i^'o-submodule 1 
of rank i that is locally on S a direct summand J ' 
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This functor is representable by a projective Qp-scheme Grxo,i- 
We let G = ReSfCo/Q GL^ act on GTKo,i in the following way: for a Qp- 
scheme S, let A G G{S) and £ G GrKQ,iiS). We get a linear endomorphism 
A of Os •S'Qp Vo and define the action of ^ on by 

A-£ = A{{id0(p){£)). 

Write 

a:Gx GiKo,i — > GiKo,i 
for this action and consider the subscheme Zi C G x GTKo,i defined by the 
following fiber product: 

Zi ^ G X Gr^o.i 

axid 

GTKo,i ^ GTKo,i X GrKo,i ■ 

An S'-valued point x of the scheme Zi is a pair (gx, Ux), where gx € G{S) is 
a linear automorphism of Os (8)Qp Vq and Ux is an Os <8)Qj, -f^o-submodule of 
rank i stable under ^x = 9x{^d<S)<f)- The scheme Zi is projective over G via 
the first projection 

pr. -.Zi^G. 

Further we denote by /j G T{Zi,Ozi) the global section defined by 
fi{gx,Ux) = det{{gx{id®(p)y\u^) 

(recall / = [Kq : Qp]). We also write fi for the global section on the associ- 
ated adic space Zf^. 

We write £ for the puUback of the universal bundle on Zi to Zi x Gr;^^j^ 
and T* for the pullback of the universal filtration on Gr^^j^. Then the fiber 
product 

0' = {£ ®Ko K) n r 

is a filtration of £^KoK by coherent sheaves. By the semi-continuity theorem 
the function 

hi-. XI — ^'^i if dim«.(^) gr^ 

iez 

is upper semi-continuous on Zi x Gtk,u and hence so is 
/if :a;^^i^dimfe(,)gr, (^'r^ 

For m G Z we write Yi^^ C Zi x Gik,l' (resp. C Z^ x Gr^,,) for the 
closed subscheme (resp. the closed adic subspace) 

yi,m = {y e ZiX GrK,u I hi{y) > m}, 

= {yeZfx Gvf^, I hf{y) > m]. 

Then the definitions imply that 
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is a proper morphism of adic spaces. 

We write Xo C Xi, for the open subset of all x = {g,J^*) G Xi, such that 
Then C Xq and 

xo\xr 

i,m 

where the union on the right hand side runs over allzG{l,...,ci — 1} and 
m G Z, and one easily checks that this union is finite. 
Indeed, let x = {gx,T') G x Gr|^^^. Then the object 

{k{x) ® Vo,gx{id0(p),T') 

is not weakly admissible if and only if there exists a g^ (id (8)<y9)-stable subspace 
Ux C /c(x)(8'Vo of some rank, violating the weak admissibility condition. This 
is exactly the condition on the right hand side of (|4.2p . Here we implicitly 
use that fact that weak admissibility is stable under extension of scalars (see 
Proposition 13. 7p . 

Now the sets {y = {gy,Vy,Ty) G F^^^ | Vy{fi) < Vy{p)~f^"^} are closed by 
the definition of the topology on an adic space. Further the map pr^ ^ ^ 
proper map of adic spaces and hence universally closed. We conclude that 
the complement of the weakly admissible locus is closed. □ 

Proposition 4.3. Let X and {D,^,T*) as in Theorem \4J\ Then X"^^ is 
the maximal open subset whose rigid analytic points are exactly the weakly 
admissible ones. 



Proof. First there is a maximal open subset Y whose rigid analytic points 
are exactly the weakly admissible ones (i.e. the union over all open subsets 
with this property is non-empty), as X^^ is open. 

Let y G Y, then (D k{y),^ (8> id, J-"* k{y)) is of slope 1, as there is an 
affinoid neighbourhood of y such that the slope at all rigid analytic points 
is 1 and hence by the maximum modulus principle the same is true at y. 
As weak admissibility is preserved under base change we are again reduced to 
the case X = Xy . If y is not weakly admissible then there exists a ^y-stahle 
subspace U C k{y)'^ (^^q^ Kq violating the weak admissibility condition. Then 
y G prj(Zj)^'^ X Gvk^,^ for some i, where pI^{Zi) C G is a closed subscheme 
and hence prj(Zj)^'^ x Gtk,i/ is in Ad'^*. Now the <I>-stable subobject U is 
induced from a family U of $-stable subobjects in an affinoid neighbourhood 
Spa(^, of y inside prj(Zj)'^^ x Gik,i/- But for all rigid analytic points of 
Spa(A, A°) we must have 

fi{U (g) k{x),^x\u(^k{x),{^' ^^k) k{x)) > 1 

and hence by the maximum principle the same must be true for y. □ 
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Example 4.4. We give an example which shows that the weakly admissible 
locus in a family of filtered (/^-modules is not in general an analytic space in 
the sense of Berkovich (cf. |Be| ). 

Let K = Kq = Qp and denote by IB the closed unit disc over Qp. Let 
X = (B\{0, xq}) X B, where xq is the point defined by (Ti)-^ — p = , and 
where we denote by Ti resp. T2 the coordinate functions on the first (resp. 
the second) factor. Consider the family [D, J-*)-, where D = Ox&i®Oxe-2 
and $ is the linear automorphism of D given by the matrix 



{xeX\ v^{Ti) > v^{p)}\{x G X I T2{x) = and v^{Ti) > v^{p)}. 



This is clearly an open adic subspace. 

By |Hu31 8.3.1, 5.6.8] we have a fully faithful embedding of the category 
of strict analytic spaces over Qp in the category of adic spaces such that 
the essential image consists of the adic spaces Y that are taut, i.e. for every 
quasi-compact open subset U CY the closure U CY is again quasi-compact. 
However one easily sees that the closure of the quasi-compact open subset 
{x £ X \ Vx (Ti ) = Vx (p) } inside X""^ is not quasi-compact Q 



In this section we compare families of filtered (/^-modules with families of 
vector bundles over the open unit disc. For rigid analytic points this relation 
was established by Kisin in |Ki2| . and is used in |Ki3) to define crystalline 
(and more generally potentially semi-stable) deformation rings. Building on 
Kisin's construction, Pappas and Rapoport define a morphism from a stack of 
vector bundles on the open unit disc to the stack of the previous sections 
that is a bijection at the level of classical points, see \PR\ 5]. We recall the 
definition of this morphism and show that it is in fact an isomorphism. 

For < r < 1 we write B[o,r] the closed unit disc of radius r over Kq 
in the category of adic spaces and denote by 




The filtration J^* is given by 



'D ifi<0 

= loxiei + T2e2) if i = 1 

if i > 2. 

v 



Then one easily sees that the weakly admissible locus is given by 



5. Vector bundles on the open unit disc 



U = lim B 



[0,r] 



I thank R. Huber for pointing this out to me and hence shortening my original 
argument. 
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the open unit disc. This is an open subspace of the closed unit disc (which is 
not identified with the set of ah points x in the closed unit disc with \x\ < 1 
in the adic setting) . In the following we will always write u for the coordinate 
function on Bp^r] and U, i.e. we view 

B'^''^] := r(B[o,r],C'B[o,r]) 
and Bto.i) ._ r(U,Ou) as subrings of Ko[[u]]. 
Let X be an adic space over Qp and write 

= OxSq.bIO''-] = pr^,,0xxB[o,., 

for the sheafified versions of the rings B[°'''] and B[°'1). These are sheaves of 
topological Ox-algebras on X. 

We consider a family of vector bundles on the open unit disc parametrised 
by X, i.e. a coherent sheaf A4 on X x\] that is fpqc-locally on X free over 
CxxU- We equip this vector bundle with the following extra structure. Let 

: U — )• U denote the morphism induced by the endomorphism of -K'o[[m]] 
that is the canonical Frobenius on Kq and that maps u to u^. We again 
write if for the map 

idxip:X xU — > X xU. 

Then we equip A4 with an injective homomorphism ^ : ip*Ai ^ A4 such 
that E{u) coker <I> = 0, where E(u) € W[u] is the minimal polynomial of the 
fixed uniformizer vr S Ok over Kq. 

Equivalently, we can think of as a sheaf of ^^'^^-modules that is locally 
on X free over ^^^'^^ together with an endomorphism <I> : ip*A4 ^ 7W, as 
X X U — )• X is Stein. Here we write ip for the endomorphism of ^^^'^^ that 
is induced from the Frobenius on B^*^'^). 

We fix an integer d > and a dominant cocharacter v with reflex field 
E as in (j4.ip . We will assume that u satisfies the extra condition that the 
5-points of the associated flag variety Gik,!/ are filtrations on Os K'^ 
such that 

(5.1) r = 

In particular i/ is miniscule in this case. Then we consider the following 
fpqc-stack (t,y on the category of adic spaces locally of finite type over the 
reflex fleld of v. For an adic space X € Ad'g the groupoid Cu{X) consists of 
pairs {M, ^) as above such that the reduction modulo E{u) of the filtration 

E{u)^{ip*M) C E{u)M C <i>{ip*M) 

is of type after locally choosing a basis. 
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For n > we fix elements r„ G (|7r|"'^/^", |7r|"'^/^"^^) Hp^ such that r}/^ = 
r„+i and write B„ = Br„. Denote by the point in B„ corresponding to 
the irreducible polynomial E{uP ). We define 

n 
i=0 

Then An vanishes precisely at the points Xi S B„, for i = 1, . . . ,n. Finally 
we write 

(5.2) A = lim A„ = TT (^"(S(u)/^(0)) € b[°'1). 

n>0 

Let X be an adic space locally of finite type over E and A4 a family of vector 
bundles over U parametrised by X. We denote hy i : X Kq — )■ X x U the 
inclusion x i— )• (x, 0) and hy p : X x\] ^ X (^q^ Kq the projection. Given 
Ai, we set = i*Jv[] then $ : 99*A4 — ?• induces a 93-linear automorphism 
of D which we again denote by 

Lemma 5.1. There is a unique ^-compatible morphism of Ox Kq- 
modules ^ : D ^ such that 

(i) i*^ is the identity on D 

(ii) The induced morphism p*^ : p*D Ai is injective and has cokernel 
killed by A. 

(iii) If r ^ {\-it\, \7r\^/P) then the image of the restriction of p*^ to X x B[q ^.j 
coincides with the restriction o/im(<I> : ip*A4 A4) to X x B^. 

Proof. For affinoid adic spaces this follows from |PR[ Proposition 5.2]. The 
general case then follows by glueing on affinoid subdomains using the unique- 
ness. □ 



Using this lemma we can define a morphism 
(5.3) C^-S^., 

compare jPRt 5.b]. Given X and {M, <&) S we define {D, <1>) as above. 

Further we have an isomorphism 

D (^Ko K Hv*M) (^,jo,r] {Ox ®Qp K) 

for some r G p*^ R (|7r|, |7r|^/^). This isomorphism is the reduction of p*^ 
modulo E{u). Now we set J-^ to be the pre-image of the subobject on the 
right hand side induced by E{u)M C im $. 

The construction of D.{—) is obviously compatible with base change, i.e. 
if / : X y is a morphism in Adjj^ and (M, <I>) G ^uiY), then 

f*D{M) = Dif*M) 
and hence this construction defines a morphism of stacks. 
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We want to define a morphism 

M 

(5.4) S)^ C 

inverse to the map just defined. The idea is to generahse the construction 
in [Kill 1-2] (resp. [PRl 5.b.2]). 

Let X = Spa(^,^°) be an affinoid adic space and {D,^^F*) € J)u{X). 
Then p*D = Ou ^ D is a vector bundle on X x U. We write Ou,x„ = <5b„,x„ 
for the completed local ring at x„. Then we have localizing maps 

T{X X ]B„,p*Z)|xxbJ Ob„,x„ T{X,D) = dM,„x„ ^kT{X,Dk). 

Precomposing this map with 

cj~" (E) : T{X X Mn,p*D) — > T{X x ]B„,p*L>), 

where a is induced by the endomorphism of A'o[M] that is the Frobenius on 
the coefficients, and inverting A„ we obtain a map 

in ■■ B[0'^"][A-1] r{X,D) OB„,x.J(n - Xn)-^] ^Kr{X,DK). 
We define a coherent sheaf A4n on X x by 

n 

T{x,Mn) = fl ijH{u-xj)-'dM„^, 0Kr{X,T') + dM,,., ^Kr{x,DK)). 

j=0 

This is indeed a coherent sheaf as X x B„, is affinoid with noetherian coor- 
dinate ring and A^„ C A~^p*D|xxB„- Note that by construction we have 

The morphism 

id®$ : v9*(A-1b[°'1) r(X,L>)) b[0'1)[A-1] ®Ko ^{X,D) 
induces morphisms of coherent sheaves 

: ip*Mn-l — > Mn 

that are injective and have cokernel killed by E{u), i.e. the cokernel has 
support X X {xq}. This follows from the fact that, after reducing to the 
universal case G x Gr^,;/, we are dealing with coherent sheaves on a reduced 
space and that the corresponding assertions are true in the fibers over rigid 
analytic points of X by the constructions in |Ki2| . Further we clearly have 

Using the coherent sheaves Ain we may define a coherent sheaf Ai on X x\] 

by 

M\xxM„ = Mn- 

This sheaf is endowed with an injective morphism $ : (p*M — )■ with 
E{u) coker <I> = that is locally given by the defined above. 

Lemma 5.2. The sheaf M is fpqc-locally on X free over X xV. 
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Proof. First we claim that there is a fpqc-covering X' ^ X such that ah 
M n are free over X' x B^. This follows from the fact that we may replace 
X locally in the fpqc-topology with open subsets of the universal space Xi^ 
and hence with (a disjoint sum of) products of closed poly discs with closed 
annuli. Now it suffices to see that Ain is locally free, as all vector bundles 
on products of closed polydisc with closed annuli are trivial by Proposition 
15.31 below. But Mn is locally free since it is a coherent sheaf on a reduced 
space and it follows from the definition that A4„ (81 k{x) has dimension d for 
all X e X X B„. 

Now we have to show that there is a compatible system of trivialisations 
of the Mn, i-e. there exist isomorphisms 

such that ipn\x'xB„-i = V'n-i- We write 

for the set of trivialisations of A4n which is non empty by the above. 
It follows that this space is a principal homogeneous space under the group 
GLd{T{X' X B„,C'xxB„))- The identity Mn\x'xM„-i = -Mn-i induces con- 
tinuous injections En ^ En-i- As we assume that X' is a product of closed 
polydiscs with closed annuli we find that GLii{T{X' x Mn,OxxB„)) is dense 
in GL^(r(X' x B„_i, OxxB„_i)) and hence En is dense in En-i under the 
above injections. By the same arguments as in the proof of |Gr| V. Theorem 
2 and Proposition 2] we find that the intersection of the En is non empty. 
An element of this intersection gives the compatible set of trivialisations that 
we were looking for. This shows that M is free over X' x U. □ 

Proposition 5.3. Let E be a finite extension of Qp and write B for the 
closed unit disc over E. Let dM = {x G B | = 1} and X = {x €M \ \p\ < 
\x\ < 1}. Then every vector bundle on 

X" xM^ X dM" 

is trivial for any a,b,c> 0. 

Proof. We proceed by induction on a. If a = then the claim follows (for 
all b and c) from [Lue, Satz 3]. 

Assume the claim is true for a. We write 

M = xu9Y y, 

where Y = {x eM\\x\< \p\} = B and dY = {x en\\x\ = \p\} = 9B. Note 
that B = X U y is a covering of the closed unit disc by open subsets. 
Let £^ be a vector bundle on X"'^^ x B^ x dM'^, then the restriction 

^\dYxX"-xM>'xdM'' 
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is trivial by induction hypothesis. Hence we may glue 8 with the trivial 
bundle on F x X"" x x dW and obtain a vector bundle on B x X"" x x dW 
which must be trivial by induction hypothesis. It follows that 8 must be 
trivial itself. □ 

Again is is clear that the construction of M_{—) is compatible with base 
change. 

Theorem 5.4. Let v he a cocharacter as in l \4-^ satisfying l\5.1\i . The 

morphisms ti, — t- and Di, — )> Cjy defined in (j5.3p and l \5.4\ l are mutually 
inverse isomorphisms. 

Proof. We have to check that the morphisms are inverse to each other. 
Given an adic space X and an object (D, ^, J-"*) G D^{X), there is an obvious 
^-compatible isomorphism 

^ : D — > D{M{D)). 

We have to check that ^ respects the filtrations on both objects after ex- 
tending scalars to K. But as the Al and D_ are compatible with base 
change we may assume that X is reduced, as there is a universal object 
over Rcsxq/Qp GL^^ x Gik,v Now for all rigid points x G X we have 

^{rDK) <E) k{x) = {PD{M{D))k) ® k{x) 

by fKi2' Proposition 1.2.8]. As these are coherent sheaves this is enough to 
conclude that the map respects the filtrations. 

Conversely, start with A4 G ^^iX). Then the map ^ of Lemma [5.11 induces 
a map 

(5.5) M{D{M)) ^ \-^p*D \-^M. 

We need to check that this induces an isomorphism Al(i2(-^)) ~^ 
By Noether normalization we can locally on X choose a finite morphism 
X — )• y to a polydisc. Especially Y is reduced and we may view A4.(D{M.)), 
Jv[ and X~^p*D as coherent sheaves on y xU. The morphism in ()5.5p induces 
an isomorphism 

M{D{M)) k{y) ^ 7W k{y) 

in the fibers over rigid analytic points of y, as the claim is true for Qp, 
see [Ki2', Proposition 1.2.13], and hence it is true for all finite Qp-algebras. 
Again this is enough to conclude that the map is an isomorphism □ 

6. (y9-MODULES OVER THE ROBBA RING 

In the previous section we have defined an isomorphism between stacks 
parametrising families of vector bundles over the open unit disc and certain 
filtered modules generalising the construction in |Ki2] . In loc. cit. Kisin 
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shows that under the above isomorphism the condition of being weakly ad- 
missible translates to the condition of being purely of slope zero over the 
Robba ring (in the sense of [Ke] ) for rigid analytic points. The idea is that 
the restriction of a vector bundle with semi-linear action of ^ on the open 
unit disc to some small annulus near the boundary still carries a lot of infor- 
mation about the vector bundle itself. 

In fact, under the equivalence with crystalline representations, the restric- 
tion to small annuli near the boundary corresponds to the restriction of the 
Galois representation to Gkoo- Kisin shows that the restriction to Gk^o 
fully faithful on the category of crystalline representation, see [Ki21 Theorem 
0.2]. For flat torsion representations (and hence for representations arising 
from p-divisible groups) this was shown by Breuil in [Br2| Theorem 3.4.3]. 
The slope theory for modules over a relative Robba ring was studied by 
Kedlaya and Liu in the rigid analytic setting in [Liu] and |KL| . where they 
already point out that the corresponding results fail in the category of ana- 
lytic spaces in the sense of Berkovich (compare |KH Remark 7.5]). However, 
we need to transpose their result to the category of adic spaces (locally of 
finite type) as this category seems to be the right category to formulate 
statements such as the local etaleness of (/^-modules. 

6.1. The relative Robba ring. For 0<r<s<lwe denote by Bj,, the 
annulus of inner radius r and outer radius s and by \]>r the subspace of U 
of inner radius r. 
We write 

= r(B[,,,],OB,,,), aM =r(B[,,,],o+^^^^), 
b[^'-'1) = r(u>„Ou>J, Ai'-'i) =r(u>,,o+^j, 

for the coordinate rings of these spaces and their integral subrings. 

Let X be an adic space over Qp. We define the following sheaves of topo- 
logical rings on X which are relative versions of the rings introduced above: 
For 0<r<s<lwe define 

4'-'^)=pr^,,0+,„^^ = 0+§z,AM), 

where pr^^^ denotes the projection to X and by the completed tensor product 
we mean the sheafification of the competed tensor product of presheaves of 
topological rings. 
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We now define the relative Robba ring and the ring of integral elements in 
the Robba ring to be the sheaves of rings 

^| = lim<^{'^) 
^■^ = lim s/p'^^ 

r— )-l 

on X. Again these are sheaves of topological rings. Then for a quasi-compact 
open subset U of X we have 

r(?7,^|) = iimr(;7,=^J'^^) 
r(c/,^^) = Umr(c/,=4^'^)). 

r— s-l 

We denote by 

if ■■ Bj^i/p^^i/p] > M[r,s] 

the morphism induced by the map which is the Probenius on Kq and which 
maps utouP. This induces maps 

U>^i/p > U>r 

which we again denote by (p. If X = Spa {A, ^4+) is an affinoid space we also 
write ip for the induced morphisms in the coordinate rings 

ip : A§q^B['-'^1 = r{X X B[,,,], OxxB[,„) A^Q^B^''^"'''^"^ 

^ : AgQ^Bl'-'i) = T{X X U>,,OxxU>J A^q^B^'-'^^'^I 

In the limit these morphisms also define a morphism ip on that preserves 
the integral subring. 

If F is a (complete) topological field over Qp with continuous valuation vp 
and integral subring F+, we simply write ^p^^ = '^Spa(FF+) similarly 
for the other sheaves of rings defined above. 

Now we can define families of (^-modules over the Robba ring parametrized 
by an adic space X. In our context this is the kind of object that appears 
if we restrict the families of vector bundles on the open unit disc to small 
annuli near the boundary of the open unit disc. 

Definition 6.1. (i) A family of cp -modules over the Robba ring parametrised 
by X is an ^^-modulc M that is locally on X free of finite rank over 
together with an isomorphism $ : p*J\f Af. 

(ii) A family of 99-modules of rank d over is called etale if there exists 
a covering {Ui)i^i of X and free =(2/J.-submodules iVj of M\ui of rank d such 
that 
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and <I> induces an isomorphism ip*Ni — )• Ni. 

(iii) A family N of (^-modules over the Robba ring parametrized by X is 
called etale at x ^ X \i the gj-module ilM over i^?^ is etale. 

^ ^ k{x) 

Definition 6.2. (i) Let < r < r^/^ < s < 1. A ip-module over si"^^^ is 

an c^^'^'-module M that is locally on X free of finite rank together with an 
isomorphism 

(ii) A (/?- module (AA, $) over is called r- etale, if there exists locally on 

X a free =2/j^'*^-submodule such that M = N ®^[r,s] si)f^ and 

Lemma 6.3. Let X e Adjj and x e X. 

(i) If X is a rigid analytic point of X, i.e. k{x) is a finite extension ofQp, 
then SS^®k{x) is identified with the classical Robba ring of k{x) in the sense 
of [Ke| Definition 1.1.1], i.e. 

g§R ® k{x) = lim r(U>, k{x), Ou>.®o,fc{x)) = 



(ii) // X is an arbitrary point, then 

^§ (8) k{x) C 

k(x) 

is a dense subring. 

Proof, (i) Our definitions imply that there is a canonical injection 
k{x) ^ lim r(U>, k{x), Ou>.55o^fc{x))- 

Let X^iGZ '-'^ element on the right hand side. As k{x) is finite over 
Qp there is a neighbourhood U of x in X such that all functions of k{x) lift 
to U. Hence there are functions /j € T{U,Ox) that reduce to fi in k{x). 
(ii) This is an direct consequence of the definitions and the easy point, that 

^'^-'^ ® k(x) C d'j^ 

^ ^ ' k{x) 

is dense. □ 
Remark 6.4. The obvious analogue of this Lemma for the integral ring 

k(x) 

is also true, i.e. 

=4 ^ k{x) = hm r(U>, k{x), ,(,)) = ^Ir^ , 

r— >■! 
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if X G X is a rigid point. Further 



si/l (g) k(x) C 



is dense if x is arbitrary. 



For the rest of this section we wih use the fohowing notation: 
Let r € n [0,1). Then we write rj = t^Ip" . We end this subsection by 
proving that it is enough to work over some closed annulus near the boundary 
in order to show that a family of (/7-modules over the Robba ring is etale. 
We say that a family (A/", of (/9-modules over the Robba ring parametrised 
by X admits a model Mr over U>r if there exist a vector bundle Nr over 
X X U>r. (that is locally on X free) and an isomorphism 

$ : f*Mr >Mr\xxV>,^ 



Mr (8)^Ir,i) SS^ =M 



such that 

,[r,l) 

compatible with the (/9-linear maps on both sides. 

Proposition 6.5. Let X = Spa(A, A+) G Adjj^ and (A/", <I>) he a free ip- 

module over that admits a model Mr over \]>r- Then M is etale if Mr 
is r -etale in the sense of Definition\6^ 

Proof. Denote hy X = Spf the formal model for X, i.e. X = X'^'^. 
Further let us write 

bW = B. 1/,,, 

and 

dEi = aBp^^i/pzj = Bj^i/pi^^i/pij 

for the moment. 

We now inductively construct lattices A^*^*) in the restriction of Mr to X x 
B(') that are stable under $. We start with A^^^) = A^^ on X x B^^). Then 
we define A^(*+i) by glueing A^^*) and (p*N^'^^ over X x Bf^^ ,,.], using the 
isomorphism <I>. This yields a sheaf A^ on X x i]>r- We claim that A^ is free 

•hi) 
X ■ 

We may choose 

yi+i = yiUZi 

as a formal model for B^'\ where is the canonical formal model for B*^^-* 
that becomes isomorphic to 

after a ramified extension of Kq and the zero section of the first formal affine 
line is glued together with the zero section of the second formal affine line. 
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Further Zi is the canonical formal model for ]B[^._j Then the special fiber 
of yi is the /c-scheme 

where the infinity section of the j-th is glued to the 0-section of the j + 1- 
th and the infinity section of the i — 1-th (i.e. the last) P^ is glued to the 
0-section of A^. In the limit we find that limj^j is a formal model for U>,-. 

Further X x is a formal model for X x B^*) and limA' x is a formal 
model for X x U>r. 

Our definition of the sheaf Ni also defines vector bundles oxi X ^ yi that 
are trivial on the product of X with each irreducible component of . Hence 
we can find trivialisations of these vector bundles and even compatible ones 
as i grows. The analytification of this compatible trivialisation on the formal 
model yields a trivialisation 

mapping 

(<^xxu> to the sheaf N. This yields the claim. □ 

6.2. Local etaleness. In this section we study how the property of being 
etale behaves in families. Given a family of 99- modules over the Robba ring 
we will show that the subset where the (/3-module is etale is an open subset. 
This will imply that a family of (/^-modules is etale if and only if all fibers 
are etale. 

We use the following notation. Let X be a quasi-compact adic space locally 
of finite type over Qp and / E r(X, Ox)- We write 

|/|x= max K(/)}GM, 

where the maximum is taken over all rigid analytic points of X. By the 
maximum modulus principle we then also have 

v.{!) < \f\x 

for all points x X which makes sense as every point is the secondary 
specialisation of a rank 1 valuation (cf. |Hu3| Lemma 1.1.10]). 

Lemma 6.6. Let X = Spa(^, A'^) be an affinoid adic space and x £ X . For 
any A > there is an affinoid subdomain Y = Spa.{B,B^) of X such that 
for all f £ A vanishing at x we have Vy(f) < A|/|x for all y £Y . 

Proof Denote by / = (/i,...,/r) the ideal of functions vanishing at x. 
Multiplying with an arbitrary power of p we may assume that \fi\x = 1- 
Hence the affinoid subdomain defined by \fi{y)\ < A for all i satisfies the 
required properties. □ 
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Let X = Spa(A, A^) be an affinoid adic space. For 0<r<s<lwe write 

Definition 6.7. Let X = Spa(A, be an affinoid adic space and fix 
0<ri<s<r2<l. We define a valuation Ws on bI^^'*^^^ as follows. Given 

/ = J^/.n^GBf'-l 

i 

we define 

WsU) = supp"*|/i|x, 

i 

where s = p~'^. This is just the multiplicative version of the valuation defined 
in [KLl Definition 7.2]. 

In the following we will use the following notation: If D is a matrix and v a 
valuation, we write v{D) for the maximum of the valuations of the coefficients 
of 

Lemma 6.8. Let X = Spa{A, A'^) be an affinoid adic space and let D G 
GLd(B5''b- We set 

h = {ws{D)ws{D-^))-\ 
Let F € MatdxdC^A''^) ^^^/i that 

Ws{FD-' -Id)<ch^/P-^ 

for some c < 1. If s"^^^'^^ > c^ , then there exists U S GLrf(B|^'* ') such 
that 

W = U-^Fip{U)D-^ - Id G Matdxd(MA 
and Ws{W) < 1. 

Proof. This is |KH Lemma 7.3]. □ 

Theorem 6.9. Let X be an adic space locally of finite type over <Qp and M 

be a family of free tp-modules of rank d over SS^-^'^ . Assume that there exists 

X ^ X and an si^"'"^ ® k{x)-lattice C J\f k{x) such that $ induces an 
isomorphism 
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Then there exists an open neighbourhood U <Z X of x and a locally free 
^^r,r2] .gy5jj2odu/e N <Z J\f of rank d such that 

N ® k{x) = N.^ 

Proof. In this formulation the proof is the same as the proof of \KIj\ Theorem 
7.4]. Let us sketch the argument. 

We may assume that X = Spa(^, ^"'") is affinoid. Choose a basis of 
Nx and denote by Dq G GL(i(=2^''^^' (8) k{x)) the matrix of $ in this basis. 
After shrinking X if necessary we may lift the matrix D to a matrix with 
coefficients in r{X, Localizing further we may assume that D is 

invertible over T{X, 

Fixing a basis 6 of we denote by S G GLrf(B|^'''^) the matrix of ^ in this 
basis. Further we denote by F a lift of the change of basis matrix from the 
basis to the basis b mod x. 

Applying Lemma [6.61 we can shrink X such that the valuation of the matrix 
Sip{V) — D is arbitrary small, as the valuation vanishes at x. Now we 
can apply Lemma [6.81 with the matrix F = V~^Sip{V) and obtain a matrix 

Then the basis of J\f obtained from b by base change via the matrix VU 
defines the desired integral model on X x Bj^ ^.^j. Gluing A^ and ip*N on 
X X B[,r^^ri] using ^ we obtain the desired model. □ 

Proposition 6.10. Let X G Adjj and Af be a ip-module over S^X^'^ . Let 
x G A such that i*xM is r-etale in the sense of Definition \6. Si Then Afi^k^x) 
admits an ^/^'^^^ -lattice that is ^-stable in the sense of (|6'. 

Proof. So simplify the notations, we write F = k{x) and E = k{x). Further 
we write tn C E'^ for the maximal ideal of elements with valuation strict less 
than one. 

Let A^ be an s^'^'^^^-laitice in t*AA such that 

(6.2) ^(^*Ar||^.}^B[,,,^j) = A^I{x.}xB[,^,.2j- 

Consider the .s^p'^"^ (g) A;(3;)-module ^ = N r\M ® k{x) C l^M . We claim 
that the canonical map 

OT/(mAr r\M® k{x)) N/mN 

is an isomorphism: Indeed it is injective by definition and it remains to 
check surjectivity. But N ®k{x) is dense in l^M and A^\mA^ C i^N is open. 
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Hence we can approximate a basis of N by elements in 5^1. As m contains a 
fundamental system of neighbourhoods of 0, the surjectivity follows. 

Now we can lift a basis of N/mN to elements /i, • • • , /d € 9T. Consider the 
(free) =2^'''^^ (8)/c(x)-submodule 9T' oi J\f®k{x) that is generated hy fi, . . . , fa- 

By Nakayama's Lemma fi, . . . , generate over and hence also 

i*M over i^^'*"^^ . Now the maximal ideals rria of c^^'*"^^ (8)/c(x) are parametrized 
by the Galois orbits in {a £ F \ r < VF{a) < r2}- It follows that the im- 
ages of fi, . . . , fd generate J\f (^k{x) modulo each maximal ideal ma, as they 
generate L*J\f modulo the closure of rria in i^^'*^^' . Hence fi, ■ ■ ■ , fd generate 
M k{x) by Nakayama's Lemma. 

If we denote by B the matrix of ^ in the basis fi, . . . , fd, then the above 
implies 

B € GLd{£/^''^) n GLd(^J''l (^k{x)) = GLd{£^p'^ (^k{x)). 
This finishes the proof of the Proposition. □ 

Corollary 6.11. Let X be an adic space locally of finite type over Qp and 
{Af, <I>) a family of ip-modules over S^x- 

(i) Let X & X. Then i'^M is etale if and only if J\f ® k{x) is etale, i.e. if 
Af k{x) admits a (^-stable ^ k{x)-lattice. 

(ii) The subset {x X \ i*J\f is etale} is open. 

(iii) The family M is etale if and only if L*J\f is etale for all x £ X . 

Proof. We may assume (locally on X) that the family M admits a model 
over \]>r- The claim now follows from Proposition 16.10] Theorem 16.91 and 
Proposition 16.51 □ 

Remark 6.12. Note that it is not clear whether a family of modules over 
the Robba ring is etale if and only if it is etale in all rigid points. This would 
be the case if one could establish a formalism of slope filtrations as in [Ke] 
in the fibers over all points of X, not just the rigid analytic ones. 

Remark 6.13. As in Example 14.41 above we find that the etale locus is not 
a Berkovich space in general. Using the same notations as in example 14. 4| 
one can show that the family on X obtained from the family of filtered 
isocrystals, by applying the construction in section 5 and restricting to the 
boundary, is etale exactly over X""^. 

Proposition 6.14. Let f : X ^ Y be a morphism of adic spaces locally of 
finite type and let My be a ip-module over S^y- Denote by Mx = f*AfY the 
pullback of My to a ip-module over 

U = {x £ X \ Mx is etale at x} 

V = {y £Y \ My is etale at y}. 

Then f~^{V) = U. 
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Proof. First it is obvious that f~^{V) C U. Let x G U mapping to y G Y. 
We have to show y ^ V. As above we may reduce to the case that Afy 
(and hence also Mx) admits a model over i]>r and we may even work over 

X X 'M>^r,r2] Y X M[r^r2]- 

As U is open, we may replace x by a point in U H f~^{y) such that E = k{x) 
is finite over F = k{y). Enlarging E if necessary we may assume that the 
extension is finite and Galois with Galois group H. 

Fix an =2/^'"'^^^ -lattice in Af ® k{x) that satisfies the condition ()6.2p . Let 

ei, . . . ,erf be a basis of this lattice. We can consider the js^^'*"^' -lattice 
which is generated by the translates of the by the action of H. Now A^ 
is stable under the action of H and we may take the invariants A^' = A^^ 
which are a finitely generated i2^^''^^'-submodule that also satisfies condition 
()6.2p and which generates M ® k{y) as A^ contains a neighborhood of 0. We 
claim that A^' is free. 

As A^' is finitely generated, it is defined in a neighborhood 

U = Spa(^,^+) C Y 

of y and generates Aflu- Especially A^' is freely generated by exactly d ele- 
ments in every rigid analytic point oiU x Bj,, ^.^j . Now we view A^' as a coher- 
ent module on the formal model Spf xX oiU xBf^ j,^] , where X denotes the 
canonical formal model of Bj^ ,,2] with special fiber Spec{A'^ /A'^'^) x (A].UA^). 
Here C A'^ denotes the ideal of topologically nilpotent elements. We 

consider the restriction N' of A^' to this special fiber and find that it is freely 
generated by d elements in every closed point of the special fiber. It follows 
that the reduction of A^' C Afy ® k(y) modulo the maximal ideal mp+ of 
is free of rank d on Spec Ki? x (A^ U A^,). By Nakayama's lemma we can lift 
d generators of the special fiber to generators of A^' . As N' f^p+ F is free of 
rank d, these generators can not satisfy any relations. □ 



7. The period morphism 

In this section we deal with an integral model for the stack Sj^. We recall 
from [PR] the definition of a stack of integral models Ck,u and the definition 
of the period morphism 

U{X) : Ck,uW 

for ap-adic formal scheme X. First we recall from [PRj the definitions of the 
stacks Ck and Ck,u on the category Nilp of Zp-schemes on which p is locally 
nilpotent. 

For a Zp-algebra R such that = for some n we set Ck{R) to be the 
groupoid of pairs $), where 9Jt is an i?v^[[it]]-module that is fpqc-locally 
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on Spec R free over i^vv'il^']] and <I> : 9Jt — > 9Jt is a 99-linear map such that 

E{u)m c <^{ip*m) c m. 

Here we write Rw = R <8>Zp W and 

ip : — > RwlMl 

is the morphism that is the identity on R, the natural Frobenius on W and 
that takes u to vP. 

Given a dominant coweight u that satisfies the extra condition (|5.ip , there 
is a closed substack Ck,u C Ck, where the Spf C'i?-valued points (for finite 
extensions F of Qp containing the reflex field of v) are the pairs (9Jt, such 
that the reduction modulo E{u) of the flltration 

E{u)^{ip*m) c E{u)m c ^{^*m) 

is of type u. See |PR| 3.d] for the precise definition of O^^u- 

These definitions imply that for a p-adic formal scheme X topologically of 

finite type over Zp we have a map 

which will be referred to as the period map, see also [PRl 5.b.4]. Here the 
first arrow is given by analytification of a pair $). 

The motivation to consider these stacks comes again from the theory of 
p-adic Galois representations. By Kisin's classification of finite flat group 
schemes of p-power order (cf. [Kill 1]), if p > 2, the pairs (9JT, $) € Ck{R) 
correspond to finite fiat group schemes over Spec Ok with an action of i?, 
provided R is finite and 9Jt is of projective dimension 1 over This 
motivates our definition of the stack Ck- If p = 2 then there is a similar 
classification but it only applies to connected objects, where a 93- module 
$) is called connected if <I> is topologically nilpotent (see |Ki4| Theorem 
1.3.9]). 

Fixing a cocharacter v, a Spf Oir-valued point of Ck,u (for some F con- 
taining the refiex field of v) defines a p-divisible group over Spec Ok with 
action oi Op- The idea of the definition of the stack Ck,u is that the Hodge- 
filtration on the rational Dieudonne module of this p-divisible group is of 
type V. 

First we study what the period morphism does on Spf Op valued points. 
We write T)k for the disjoint union of the Tii, for all (miniscule) cocharacters 
V as in ()5.ip . The definitions imply that Ck,u maps to Dy C S^x under the 
period morphism. 

We make the following observations that are already contained in Kisin's 
paper [Ki2j. 

Proposition 7.1. Let F he a finite extension of Qp with ring of integers 
Op- A filtered ^-module {D,^,J^') G Dk{F) is weakly admissible if and 
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only if it is in the image of the period morphism, i.e. there is an object 
X = (Tl,^) e Ck{Of) such that 

(Z),<I>,7-) = n(Spf Of){x). 

Proof. This is a consequence of [BrCol Corollary 10.4.8, 10.4.9]. □ 

Further we remark the following connection between the image of an Op- 
valued point <1>) of Ck and the Galois representation on the Tate module 
of the p-divisible group associated to (9Jt, $). 

Proposition 7.2. Let F he a finite extension ofQp with ring of integers Op 
and X = (9Jt, E Ck{Of)- Write Vx = Tp{Qx) '^Zp Qp for the rational Tate- 
module of the associated p-divisible group and {D,^,T') € DxiF") for the 
image of x under the period morphism. Then there is a natural isomorphism 
of filtered ^-modules 

DcnsiVxi-1)) ^ {D,<^,T). 

Proof. As {D,^,T') is weakly admissible, there is a crystalline representa- 
tion V = V^ris(-D) associated to it, by |CF1 Theorem A]. By |Ki2[ Corollary 
2.1.14] the restriction functor to Gk^ = Gal(-^/i^oo) is fully faithful on the 
category of crystalline Gi^-representation. Hence it is enough to show that 

Vxi-l)\GK^ = V\gk^- 
But with the notations of (j2.ip we have isomorphisms 

Vx{-1)\g^^ Fb(9JT®a[o,i) B) V\g^^, 

where the first isomorphism follows from |KiH Proposition 1.1.13] and the 
second follows from [BrCo^ Proposition 11.3.3]. □ 

Remark 7.3. By Kisin's classification, the objects (9Jt, $) G Cx(Spf Op) cor- 
respond to p-divisible groups over Spec Ok, see [Kill Corollary 2.2.22]. In 
the above Proposition we use implicitly that every crystalline representa- 
tion with Hodge- Tate weights in {0, 1} arises as the Tate-module of some 
p-divisible group over Spec Ok- This was shown by Breuil for p ^ 2 in [Brlj 
Theorem 5.3.2] and by Kisin in [Ki2[ Theorem 0.3] for arbitrary p. 

Denote by E the reflex field of the cocharacter u. We now define a stack 
on the category Ad'^* which will be the image of the period morphism 
in a sense specified below. We will write 

for the sheafified version of the ring A^*^'^) on an adic space X. 

Definition 7.4. A (f -module of height 1 over 4°'^) is an ^^'^^-module Tl 
that is locally on X free of finite rank with an injection $ : (p*^M dJl such 
that E{u) coker $ = 0. 
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Definition 7.5. Let 2)™* denote the groupoid that assigns to an adic space 
X € Adg the groupoid of {D, <J>, J"*) G Diy(X) such that locahy on X there 
exists a (/^-module of height 1 over such that 

where M_{D) is the vector bundle on X x U defined in (j5.4p . 

Theorem 7.6. (i) Lei X G Ad|* and (Z),$, J"*) G he a family of 

filtered ip-modules on X . Then (D, $, J^*) G if and only if the family 

M{D) ®^^^[o,i) ^5 

of if-modules over the Rohha ring is etale. 

(ii) The groupoid Djf* is an open substack of D^"" and = '^^"'(F) 

for any finite extension F of E. 

Proof, (i) The one implication is obvious. Assume that the family is etale. 
As being etale may be checked at points and is compatible with base change 
we can reduce to the universal case and assume that X is reduced. Locally 
on X there is < r < 1 and an J2^'"'^^-lattice N in 

M{D) ®^^[o,i) ^^''^ = M(^)|xxu>. 

such that 

where we again write rj = r^/P^ . We also write N for the restriction of N to 
the annulus X x Bj^. ^.^]. 

By Proposition 17.71 below we can (locally on X) construct a free .e^''^^'- 
module 

Mr(ZM{D) 0^^,0.1) =^5''''' 

such that 

E{u)Mr C $((/P*M,|xxB[,.,^j) C Mr. 

By gluing My with (p* Mr\xxnyj.^ using the isomorphism we can extend 
Mr to .2^^''^^' . Repeating this procedure yields the desired (/9-module of height 
1 over The freeness of this module follows by the same argument as 



in Proposition 16.51 

(ii) By Corollary 16 . 1 1 1 the condition of being etale is equivalent to being etale 
at all points, which is an open condition. The fact that this notion is fpqc- 
local follows from Proposition 16.141 The final fact is a consequence of |Ki2| 
Theorem 1.3.8]. □ 

Recall that we write 

aJ;-^] = r(Spa(A, A°)Xspa(AA°)) = ^°§z,A[^'^l = A%T/s,r/T), 
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for a complete Qp-algebra A topologically of finite type. 

Proposition 7.7. Let X = Spa(A, A^) he a reduced affinoid adic space of 
finite type over E. Let r > \tt\ with r ^ p^ and set ri = r^^'f\ Let Air be a 
free vector bundle on X x M^.^ such that E{u)Mr C A^r|xxB,.2 ) ^ -^r- 
Assume that there exists a free Aj^'*^^^ = A'^ {T/r2,r /T) submodule 

Nr C K := Mr <^ . [0,r2] AJT'"'"^ 

of rank d, containing a basis of Mr such that 

■^A ^A 

Then locally on X there exists a free A^^'^^^ -submodule Mr C A4r of rank d, 
containing a basis of Mr such that 

(7.1) $ : if* {Mr AJ'^^I) Mr 

^A 

is injective with cokernel killed by E{u). 

Proof. The idea of the proposition is to give a relative version of the proof 
of (ESI Lemma 1.3.13]. 

We also write Mr for the global sections of the vector bmidle. Write M'r = 
Mr n Nr G Mr- This is an 74+(T/r2)-module. Further we set 

Mr = [M'r 0^[o..2l J^^T^) n M;[i] C Mr. 

Then Mr is a finitely generated ^"'"(r/r2)-module as the ring is noether- 
ian, and we claim that it is locally on X free and satisfies (j7.ip . By the 
construction of Mr the map in (j7.ip exists and for all quotients A'^ Op 
onto a finite fiat Zp-algebra, the C'ir(T/r2)-module Mr ®a+ is free and 
satisfies the condition in (j7.ip by the argument in the proof of |Ki2l Lemma 
1.3.13]. It now follows that the reduction Mr of Mr modulo we defines a 
vector bundle on Sy>Qc{A'^ /weA^Y'^'^ x A^. Hence, after localization on X, 
we may assume that Mr it is free. As Mr is Oe-^c^^ (by construction it has 
no ro£;-power torsion) the claim follows by Nakayama's Lemma after lifting 
a basis of Mr to Mr- □ 

We now want to show that the stack 2?™* is the image of the period map 
defined by Pappas and Rapoport in the sense of (a slightly weakened version) 
of (PEl Conjecture 5.3]. 

As the stacks Tt^, 2)™^ and !D™* are Artin stacks, it makes sense to extend 
them to the category of all adic spaces (not necessarily of finite type) over 
the reflex field of u. 

Let F be a complete topological field over Qp and vp : ^F^^a 
continuous valuation. As usual we write = {a € F \ vf{cl) < 1} for the 
ring of integral elements. 
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We say that F is topologically finitely generated if there exist finitely many 
elements fi,...,fm & F such that Frac(Qp[/i, . . . , fm]) is dense in F. 

We say that F is of p-adic type if for any fi, . . . , fm G F the topological 
closure A of the Qp-subalgebra . . . , fm] in F is Tate, i.e. a quotient 

of some Qp(Ti, . . . ,Tm'), and the intersection of F^ with A is precisely the 
ring of power bounded elements A° C A. 

If F is topologically finitely generated and of p-adic type, then there is 
an adic space X of finite type over Qp such that F is the completion of the 
residue field at a point of X: If /i, . . . ,/m are topological generators and 
if A denotes the closure of . . . , fm], then the restriction of t^i;' to A 

defines a point in Spa(^, such that the completion of its residue field is 
F. Conversely, if X is an adic space, then the completion of the residue field 
at a point x G X is topologically finitely generated and of p-adic type. 

Theorem 7.8. (i) Let F be a topologically finitely generated field of p-adic 
type and J"') € Tlp{F). Then there exists (M,^) G Cit,,,(Spf F+) 

such that n(Spf F+){Tl, = {D, ^,F') if and only if 

M{D) ®,jo,i) SSf 

is etale if and only if Spa(-F, F^) — > factors over S™*. 
(ii) Let X E Adjj^ and / : X — ?> liy a morphism defined by (D, $, J-'). Then 
f factors over 2)™* if and only if there exists a covering Ui of X and formal 
models Ui of Ui together with (5Jtj,<I>j) G CK,v{Ui) such that 

Proof, (i) If (971, exists, then it is obvious that 

M{D) 0^^,0,1) 

is etale. Conversely, assume this is the case. By the above remark we may 
embed the field F into a space X of finite type and (after localizing) assume 
that (D,$, J^*) extends to a family on X. Then etaleness is equivalent to 
the fact that X ^ 1!)^ factors locally around x over X)™* by Theorem 17.61 
and this also implies the existence of a lattice of (/^-modules of height 1 over 
jz/^'^"* locally around x. The fiber of this lattice at x then defines the point 
(9JT,$) GC,,,,(Spf F+). 

(ii) If X is reduced this is just a restatement of Theorem 17.61 using the fact 
that a free =2^'^''-module on an reduced, affinoid adic space X = Spa(A, A+) 
is the same as a free 74+(8)ZpW^[[^]] -module and Spf A'^ is a formal model for 
X. The general case follows by locally choosing a formal model f : y ^ X 
for the morphism to the universal family and pulling back the family of 
9?- modules over along /. □ 
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8. Families of crystalline representations 

In the previous section we have constructed an open substack of the stack 
of filtered (^-modules on which there exists an integral model (in the sense 
of Kisin's paper |Ki2| ) for the (weakly admissible) filtered (^-module, if the 
type of the filtration is given by a miniscule coweight. Now we want to 
construct an open substack of the weakly admissible locus on which there 
exists a family of crystalline representations giving rise to the restriction of 
the universal filtered y^-module. 

8.1. Some sheaves of period rings. First we have to define some sheaves 
of topological rings which are relative versions of the period rings recalled 
in section 2. Recall that an adic space X comes along with an open and 
integrally closed subsheaf O J of the structure sheaf Ox ■ Unfortunately this 
subsheaf is only well behaved if X is reduced: if / G Ox is nilpotent, then 
p~"'f € 0~^ for all n. Hence we will consider the integral versions of the 
period sheaves only for reduced spaces. It will turn out that this is enough, 
as we have a reduced universal case. 

The ring R introduced in section 2 is equipped with a valuation ysIr given 
by 

vs\.r{{xq,xi,X2, •••))= '^p{xo), 

where Xi G Ocp) and x^ = Xi-i for all i. The topology defined by the 
valuation coincides with the canonical topology of i?, and R is complete 
with respect to this topology. 

Let be a reduced, p-adically complete, flat Zp-algebra topologically of 
finite type over Zp. We define 

A+®W{R) = Y^A+®i^Wi{R), 

i>0 

where A~^^ZpWi{R) is the completion of A'^ (S)Zp Wi{R) with respect to the 
discrete topology on A~^ /p''A~^ and the natural topology on the truncated 
Witt vectors Wi{R) = W{R)/p'W{R). 

Lemma 8.1. (i) Let A~^ and he two Zp-algebras as above and assume 
= A'^ /I for some (closed) ideal I C A^ . Then 

B+§W{R) = A+0W{R)/I{A+^W{R)). 

(ii) If B~^ is a finite A^ -algebra, then 

B+0W{R) = {A+^W{R)) (g)A+ B+. 

(iii) Let X be an reduced, affinoid adic space of finite type over Qp and 
X = U C/j he a covering by open, affinoid subspaces. Write A'^ = T{X, O^). 
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Further set A] = T{Ui, Oj) and A± = T{U, D U-j, Ol^). Then 

A+^W{R) ^YlA+0W{R)^YlA±^W{R) 

is exact. 

Proof, (i), (ii) These are direct consequences of the definition, 
(iii) As is a sheaf, we find that 

O^A^^UAt^llAt 

is exact. This sequence is still exact if we reduce modulo and tensorize with 
Wi{R). Further it stays exact if we complete with respect to the topology 
on Wi{R). The claim follows from this. □ 

Using this Lemma, we can define a sheaf 0^(S)W{R) on a reduced, affinoid 
adic space X of finite type over Qp such that 

T{U,0+^W{R)) = r{U,0+)^W{R) 

for all affinoid open subsets U C X: For an arbitrary open subset V C X 
we define 

T{V,0+^W{R)) = hm r{U,0^)§)W{R), 

where the limit is taken over all open, affinoid subspaces U CV. Further we 
can extend this construction to all reduced adic spaces locally of finite type. 
Similarly we can define the sheaf 0~^C!^W (Ft ac R). 

If X G Adjj'^ , then we can consider the sheaf Ox (8'M^(Frac R) , which is 
obtained from 0'^^W{R) by inverting p. This sheaf also makes sense if X is 
not reduced, where it is defined to be the restriction of Oy^W (Frac R)[l/p] 
to X for some closed embedding of X into a reduced space Y. 

Given a section / of Ox^W {Frac R)[l/p], we say that / vanishes at a 
rigid point x & X ii 

f{x) e {Ox^W{FtacR)[l/p])^k{x) 

is zero. Wc use the same terminology for the other sheaves of period rings 
that we arc going to construct. 

Lemma 8.2. Let A+ = Zp{Ti, . . . ,Tn) and X = Spa(^+[l/p], ^+). 

(i) The canonical map 

A+^W{R) H kix)+ WiR), 

where the product runs over all rigid points x & X, is an injection. 

(ii) Let 

a : (A+^WiR))""' — )• (A+^WiR))""^ 
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be an A'^ i^W (R) -linear map such that coker a vanishes at all rigid points of 
X. Then coker a = 0. 

Proof, (i) Let / G A'^^W{R). After dividing by some power of p, we may 
assume that 

/ mod p = / G Fp[ri, . . . , Tn]^w,R 

is non zero. We need to check that the image of / in ]^ k{x) R is non 
zero, where the product runs over ah closed points x of Spec ¥p[Ti, . . . ,r„]. 
Fix an Fp-basis {bi)i^i of R, then 

iei 

with fi G Fp[ri, . . . ,r„] and the sets {i e I \ fi ^ and val/j(6i) < r} 
are finite for all r G M. As / ^ there exists an index i ^ I such that 
fi 7^ 0. Hence there exists a closed point x G Spec Fp[Ti, . . . , T„] such that 
fi{x) 7^ 0. It follows that the image of / in ]^ k{x) ®¥j, R does not vanish, 
(ii) Again we can reduce the claim modulo p and obtain a map 

a : (Fp[ri, . . . , Tn]®Rr' (Fp[Ti, . . . , Tn]mr^ 

such that coker a vanishes at all closed points x G Spec Fp[Ti, . . . , r„]. Now 
coker a is a finitely generated module over FpfTi, . . . , Tn\®^^R. We denote 
by / the ideal of Fp[Ti, . . . , T^J^p^i? which is generated by all elements in R 
with positive valuation. Then / is contained in every maximal ideal and by 
Nakayama's lemma coker a vanishes if its reduction modulo / vanishes. But 
(Fp[Ti, . . . , r„]i)Fpi?)// = FpfTi, . . . , Tn] (8)Fp Fp and every finitely generated 
module over this ring clearly vanishes if it vanishes modulo all maximal ideals 
of Fp[Ti,...,T„]. □ 

Remark 8.3. The same proofs as above also apply to p-torsion modules, i.e. 
if M is a finitely presented {A'^<®W{R))/p^-m.odvle which vanishes at all 
the rigid analytic points of X, i.e. M k{x)~^ = for all rigid analytic 
points X (z X, then M = 0. Further, if M C is an inclusion of finitely 
presented (A~^^W{R))/p"^ -modules and f £ M such that 

fix) G N k{x)+ C M k{x)+ 

for all rigid points x, then f £ N. 

Corollary 8.4. Let X be an affinoid adic space of finite type over Qp. By 
Noether normalization there exists a finite morphism f : X Y, where 
Y = Spa(Qp(Ti, . . . ,T„),Zp(Ti, . . . ,T„)) is a polydisc. Then the canonical 
map 

T{X,Ox^Wml;]) ^llT{f-\y),Ox) VF(i?)[i] 
is an injection, where the product runs over all rigid analytic points of Y. 
Further a finitely presented O x ®W (Fiac R)[l/p]-module vanishes if it van- 
ishes at all rigid points ofY. 
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Proof. As Ox is a finite Oy-module, this is consequence of lemma 18.21 □ 

Let X G Adjj^ be a reduced space. We define the sheaf by taking 
the closure of (8)^^ A in 0~^(S>W (Frac R) . By this we mean that for an 
affinoid open U C X we define T{U,£/x) to be the topological closure of 

T{U,0+) ^z, A C T{U,0+^W{FracR)). 

Similarly we define the sheaves £/j^ ' and ^x by taking the closures of 

r{U, 0+) A[°'1) C r{U, 0+®W{R)), respectively 

r{U,Ox) B c r(C/,Ox§W(FVaci?)[i]). 

Further we define the sheaf £/x as follows: If X = Spa(^, A~^) is an affinoid 
adic space, then 

r(x,^x) := r(x,^i°'^))[i]^ = iA+ w)i{u)r, 

where (— )^ means p-adic completion. As in the construction of 0~^^W{R) 
we can extend this definition to a sheaf ^x on X. 

Finally we define ^x = ^x\^/p\- Again we can consider S§x and 3Sx on any 
(not necessarily reduced) adic space X. By construction all these sheaves 
are endowed with an Ox (resp. O^) linear continuous Frobenius ip. Further 

we have an action of Gk^ on s^x and ^x- 

Remark 8.5. The obvious analogue of Lemma 18.21 and Corollary 18.41 also 
holds true for the subsheaves of O x®W (Yiac R)[l / p] introduced above. 

Lemma 8.6. Let = Zp{Ti, . . . ,Tn) and X = Spa(^+[l/p], ^+). Let 
S G {Zp,H^, A[°'1), A, A[°'1), A} be a closed subring ofW(FiacR) and let 
f G A~^(^W (Frac R) such that f{x) G k{x)^ S for all rigid points x G X . 
Then f is in the closure of A+ ®ip S C A'^(^W{FiacR). 

Proof. By p-adic approximation we may reduce this claim modulo p. Write 
S = S/pS. Fix an Fp-basis {bi)i^i of Fracii such that {bi)i^j is a basis of S 
for a certain subset J C I. We can expand the reduction / of / modulo p in 
a series 

f = ^fi^bi. 

Our assumption implies that fi{x) = for all i ^ J and all closed points 
X G Spec ¥p[Ti, . . . , Tn]. It follows that fi = for i ^ J. □ 

Remark 8.7. With the same notation as in the lemma, write A = A'^[l/p] 
and let S be a finite ^-algebra. The the above implies that 

/ G B^WiFracR)[l/p] 

lies in the closure of B B inside i3(S'VF(Fraci?)[l/p], if 

fix) G (B (E)A k{x)) <g)Q^ B 
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for all rigid points x € Spa{A, A'^). The same statement is also true, if we 
replace B by any of the other rings of the lemma. 

Corollary 8.8. Let X he an adic space locally of finite type over <Qp and 
X ^ X he a rigid point. Then 

® k{x) = B (^Qp k{x), mx ® k{x) = B (g)Q^ k{x). 

Further 

// X is reduced, a similar statement is true for the sheaf of integral rings. 

Proof. The first point is a direct consequence of Lemma 18.11 The sec- 
ond point is local on X so we may assume that X = Spa{A, A~^) is affi- 
noid. By the Noether normalization theorem X is finite over a polydisc 
Y = Spa(i?,i?+). As A is finite over B we find that 

T{X,^x) = r{Y,^Y)(E)B A, 
As in Corollarv 18.41 we have 

T{X,^x) -^T\T{f-\y),Ox) ^Q, B 

(8-1) 

= n(^ ^Bk{y)) 0Q^B, 

where the product runs over all rigid points ?/ E y, and this inclusion is 
compatible with the action of if and Gkoo- But, as A®b k{y) is a finite 
dimensional fc(y)-vector space we find that 

{{A (g)B k{y)) CdQ^ B)^^°° = {A ®B k{y)) B. 

By Lemma ESlthe image of T{X,,^x) C T{X,^x) under ([831) is identified 
with 

T{X,^x)n(jl{{A(^Bkiy))^Q^ b)^''°° =r(x, J^f^- 

and the claim follows. The same argument applies to the other equality as 
well. □ 

Remark 8.9. If x G X is any point, and M is any of the sheaves considered 
above, is makes sense to define the sheaf l*M on Spa(/c(x), k{x)~^): We define 
it to be the completion of (X) k{x) with respect to its canonical topology. 
Sometimes we will also write ^rr~-, for lIM. 

k(x) 

We now need to construct a relative version of Fontaine's period ring -Bcris- 
Again we first consider the case of a reduced space X locally of finite type 
over Qp. The map 9 : W{R) extends to a map 

Ox : 0+^W{R) 0+^z,Oc„ 
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where the completed tensor product on the right denotes the p-adic comple- 
tion. We then define Oj^(8)j4cris to be the p-adic completion of the divided 
power envelope of Oj^<S)W{R) with respect to ker^x- Finally we define 

These sheaves again make sense for any adic space X € AdJ^*;. Further 
there is a continuous Ox-linear Frobenius (f on Ox'^Bcns and a filtration 
on (Oxi^cris) (S)Ko K. 

Remark 8.10. The notation A^^A^tis might be a little misleading, as this 
is not the completion of the ordinary tensor product over Zp for the p-adic 
topology. The reason that it is not enough to consider this completion is 
that it does not contain y4"'"[[n]], where u= [vr]. 

Lemma 8.11. Let A+ = Zp{Ti, . . . and A = A+[l/p\. Further write 
X = Spa(A^+). 

(i) The canonical maps 

A§)Bcns ^ JJ ^(a;) ®Qp -Bcris, 

where the products runs over all rigid points of X , are injections. 

(ii) A finitely presented A'^ C^Acris-module is zero if it vanishes at all rigid 
points of X . 

(iii) A finitely presented A(§>Bcris-module is zero if it vanishes at all rigid 
points of X . 

(iv) Let f € A+®Acns such that f{x) € k{x)+ W C k{x)+ ^cris for 
all rigid points x e X. Then / € yl+ (E)Zp W C A+^A^ns- 

Proof, (i) It suffices to show the statement for A'^ . Let / € A'^(S)AcT:is such 
that f{x) = for all rigid analytic points x G X. We show that 

/ mody"e(A+iA„is)/p™ 

vanishes for all m > 1. But {A^0Acris)/p"^ is the quotient of the divided 
power envelope of A^®W{R) with respect to ker Ox by and / lies in a 
finitely presented (74+®M^(i?))/p'"-subalgebra. That means that / lies in 
the quotient of 

{Zp{Tu...,Ts)®W{R))/p"' 

by some finitely generated ideal and vanishes at all the rigid points of 
Spa(Qp(ri, . . . , Ts),Zp{Ti, . . . , Ts)) for some s > n. By Remark [8. 3 1 is follows 
that / = mod p™. 
(ii) Let 

a{A+^A„,,r^ {A+McrisY"' 
be a morphism whose cokernel vanishes at all rigid points. We show that 
its reduction modulo powers of p vanish. The entries of the matrix of a 
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mod p"^ lie in a finitely presented {A~^ (R)) / p"^- algebra, and hence a sim- 
ilar argument as above shows that a is surjective modulo powers of p. 

(iii) This follows from (ii) after multiplying a presentation with an arbitrary 
power of t and neglecting the t-torsion part of the quotient of two A'^^Acris- 
lattices. 

(iv) By Lemma 18.61 it suffices to show that / € A~^^W{R). Reducing the 
claim modulo powers of p and applying the same argument as above this 
follows from Remark 18.31 □ 



Remark 8.12. With the notations of the lemma above, let i? be a finite 
A-algebra. Then Lemma [8. Ill (iii) implies that a finitely presented B^Bcris- 
module vanishes if it vanishes at all rigid points of Spa(^, ^4+). If B is 
reduced this is equivalent to its vanishing at all rigid points of Spa{B, B^). 
Further the analogue of (iv) also holds for B, i.e. if / € B^Bcris such that 
f{x) G {k{x) (g)^ B) (g)Qp Kq C {k{x) B) Scris for all rigid points x, 
then f eB^Q^Ko. 

Corollary 8.13. Let X € Adjj^ and x £ X be a rigid point. Then 

[Ox^Bcris) ®k{x) = k{x) (g)Qp Bens,. 

Further we have 

(Oxi^cris)^^' = Ox Kq 

Fi\\Ox%B,n,Y=''' = Ox. 

Proof. By applying lemma IS.llj the proof is the same as in Corollary 18.81 
We reduce to the case where X is affinoid and use the fact that the map 

is an injection compatible with ip and the filtration for a finite morphism 
/ : X — )• y to a polydisc, where the product is taken over all rigid points of 
Y. □ 

The following diagram summarizes the sheaves of integral period rings on 
a reduced space X. All maps are continuous inclusions. 



(8.2) 0+®W{R) 




O+0VF(Pracii) 



Let £^ be a vector bundle on an adic space X. As Ox is a sheaf of topological 
rings, the sections T{U, £) of £ over an open subset U have a natural topology. 
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If G is a topological group acting on £ it thus makes sense to ask whether 
this action is continuous. 

Definition 8.14. Let X be an adic space. A family of crystalline repre- 
sentations over X is a vector bundle £ on X endowed with a continuous 
Gft'-action such that 

is locally on X free of rank d = rkf . 

Let be a vector bundle on X with a continuous G/^-action. If a; € X is 
a rigid point then we have an obvious embedding 

compatible with the action of ip and the filtration, with equality if £ is 
crystalline. By a result of Berger and Colmez (see |BeCo| Corollary 6.33]) a 
family £ of G/^'-representations on a reduced adic space locally of finite type 
X is crystalline if and only if the representations on £ ^ k{x) are crystalline 
for all rigid analytic points x € X. 

Lemma 8.15. (i) Let f : X ^ Y be a morphism in Adjj^ and £ a vector 
bundle on Y with continuous Gx-action. If £ is crystalline, then so is f*£. 
(ii) Let {fi : Xi — )• X)i be an fpqc cover in Adjj^ and £ be a vector bundle 
on £ with continuous Gk -action. Then £ is crystalline if and only if all the 
fl£ are crystalline. 

Proof, (i) We want to check that /*Dcris(^) = -^cris (/*<?)• The claim is local 
on X and we may choose a finite morphism g : X ^ Z to a polydisc. Then 
we have 

r(X,rL>eris(^)) Cr(X,L»eris(rO) 

c r{x, /*^gScris) c ll{f*£ (S) k{z)) s„is, 

where the product is taken over all closed points of Z. The claim follows as 
/*-Dcris(^) is identified with 

by a similar argument as in the proof of Corollary 18.81 ^is f*Dcns{£) = 
Dcris{f*£) is true in the fibers over the rigid points z G Z, by comparing 
dimensions. 

(ii) By definition we have a Gx-equivariant descent datum on the vector 
bundles fl£ and hence also on /*f (8)i?cris- By G^-equivariance this induces 
a descent datum on the Dcrisift^) '^y fpic descent we find a Ox •X'Qp Ko 
submodule 

D C £(^Bcns 
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which is locally on X free of rank d = rkf" over Ox ®Qp Kq and on which 
Gk acts trivial. The verification that D = Dcnsi^) is similar as in the first 
part of the lemma. □ 

Lemma 8.16. (i) Let £ be a family of crystalline representations on an adic 
space X . Then the canonical morphism 

£ V,UDcris{£)) = FilO(i?cris(^)iQ,5cris)*=''^ 

is an isomorphism. 

(ii) Let £i, £2 he families of crystalline representations on an adic space X. 
IfD,ris{£i) = I?cris(^2), then £i^£2. 

Proof. As in the classical case (i.e. X = Spa(Qp,Zp)) this is an easy conse- 
quence of Fif{Ox^Bcris)^='"^ = Ox, see 5.2, Theorem (iv)] for exam- 
ple. □ 

8.2. Etale (^-modules and GA'oQ-representations. Before we construct 
a universal crystalline representation we first discuss families of etale ip- 
modules and their relation with families of G/^^ -representations. 

Definition 8.17. A family of G Kao'^^P^^^^''^tations on an adic space X € 
Adjj^ is a vector bundle £ on X endowed with a continuous action of Gxac ■ 

Definition 8.18. Let X be an adic space over Qp. 

(i) Let be one of the sheaves £/x, ^x, -^x or S^x- A ip-module over M 
is an ^-module N that is locally on X free of finite rank over ^ together 
with an isomorphism ^ : Lp*N ^ N. 

(ii) Assume that X is reduced. A ip-module over (resp. ^x) is called 
etale, if it is induced from a (^-module over £/x (resp. £/x)- 

It is not true that every family of etale (/9-modules comes from a family 
of Gii-^ -representations. However, if X is an adic space and A/" is a family 
of etale modules on X, we want to show that there is an open subset on 
which M is induced from a family of Gi^-^ -representations. The main tool is 
an easy approximation argument which is already contained in \KL\ Section 
5] in a slightly different context. 

Lemma 8.19. Let X = Spa,{A, A'^) be an reduced, affinoid adic space and 
fix an element x € T{X,£!/x) = ^^(^ZpA. Then the equation 

y - 'P~^{y) = X 

has a solution in T{X,s^x) = A'^^j^^A.. Moreover, if x is divisible by p, we 
can choose this solution such that y is divisible by p. 

Proof. First, if x € k{{u)Y^^, then the equation y — ip~^{y) = x has a 
solution in k{{u)Y^^, as the field is separably closed. If val/j(x) > 0, then we 
can choose y such that valij(y) > pYalji{x). Hence, by approximation, there 
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is a solution of the equation for all x in the closure of k{{u)y^^ C Fraci?. 
The claim follows for A'^ = TLp by p-adic approximation from the modulo 
p-case. 

The general statement follows if we expand x = Y2i fi ® solve the 

equations yi — if~^{yi) = Xi. The above claim on the valuations of the 
solutions modulo p guarantees that the series will converge in A^^i^A., 
compare also | KLl Lemma 5.1]. □ 



Proposition 8.20. Let X be a reduced adic space locally of finite type over 
Qp and x G X and let {J\f, be an etale (p-module of rank d on X . 



then dimfc(^.)(7V k{x))'^=''^ = d. 
(ii) The set 



dim^-^)(4A/-)*-d^d, 

<I>=id 



C/ = {xGX|dim^-^^(4AA)*-d^d} 
is open in X and M\ff^^'^ is a family of GKao'''^^P''^^^^''^^'^^'^^''^^ ^'^ ^■ 

Proof, (i) Let /i, • • • , /d G t^-^ ^ basis on which $ acts as the identity. 
As TV (8> k{x) is dense in L*Af we can approximate this basis by elements 
5ii • • • )5d G A/" (8> k{x). Let B G GLd{^x ^ k{x)) denote the matrix of $ 
in this basis. As the gi are close to the basis fi, the entries of B are close 
to the entries of the matrix of $ in the basis (/j) and hence the entries of 
S — id are arbitrary small and we may assume that they are divisible by p. 
Let V = Spa{A, A~^) be an affinoid neighbourhood of x such that B lifts to 
a matrix B eT{V, Gl^di^x)) such that i? - id is divisible by p. Let (A/"', <!>') 
denote the free 99- module over i^y with basis gi, . . . on which <!>' acts 
by B. By Lemma 18.191 we may choose a matrix X G MatdxdiP^i^T^v)) 
such that X — ip~^(X) = B — id. Changing the basis gi,. . . ^g^ by id+X 
the matrix of <!>' — id in the new basis is divisible by p^. As A is p-adically 
complete this process converges to a $'-stable basis of A/"'. The claim now 
follows from the equality of 99-modules 

{N(^k{x),^) = {N' C$k{x),^'). 

(ii) By the first step of the proposition we find 

U = {xeX \ dimfc(^.)(AA (g) k{x))'^=''^ = d}. 
Let X G X and /i , . . . , be lifts of generators of 

{M®k{x))'^='^ 

to some affinoid neighbourhood V . After shrinking V we may assume that 
are linearly independent and generate an etale lattice in M\v- 
Denote by B the matrix of in this basis. Then — id vanishes at x and 
has bounded entries. Hence by Lemma 16.61 we may shrink V such that the 
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entries of — id are divisible by p. By Lemma 18.191 we can choose a matrix 
X which is divisible by p such that X — ip~'^{X) = i? — id. Then, changing 
the basis by id -\-X we find a basis such that the matrix of $ — id is divisible 
by . This process converges to a <I>-stable basis of M\v- This yields the 
claim. □ 

Corollary 8.21. Let M he an etale ip-module of rank d over ^x- The set 

U = {xeX\ Hom,^^^^,$(4AA, J,-^;;^^ = d} 

is open and the sheaf ^ am ag^j ^^{J\f\u , S^u) is a vector bundle on U. Further, 
for a ^-stable jz/x-ldttice ^ C M, the O^-module J^omj^^^ip{^\u,£/u) is 
locally on U free of rank d. 

Proof. This is the dual statement of the Proposition above. □ 

The next Proposition shows that the open locus constructed in the Corol- 
lary above is compatible with base change and hence this construction is 
geometric. 

Proposition 8.22. Let f : X ^ Y be a morphism of adic spaces in Adjj^ 
with Y reduced and let My be an etale -module of rank d. Write J\fx = 
f*My for the pullback to X and let 

V = {yeY I dim^^^ Hom,^^^^,<,(4AAy, J^^p = d] 
U = {x(^X\ dim^-^^ Hom^„^,$(47Vx,^^-^p = d}. 
Then U = f'^{V) and jeom.gg^^^{J\fx\u ,^u) = /*=^om,<^^,$(7Vy |y, 

Proof. The inclusion f^^iV) C C/ is obvious. Let x G U mapping to y E y. 
We have to show y (^V, i.e. 

The set U is open and / is (locally) of finite type, hence there exists a point 
x' € [/ n f~^{y) such that k{x') is a finite extension of k{y). In this case 

where we do not need to complete the tensor product as the extension is 
finite. Hence we have a descent datum on i'^iMx which is compatible with 
the action of <I>. It follows that 

descends to k{y) which yields the claim on the dimension. To prove the 
last claim we again chose locally on X a finite morphism g : X ^ Z to a, 
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polydisc. The claim follows from the fact that (assuming locally that V is 
affinoid and U' <ZU \s affinoid) the inclusion 

YLom,^^^^{MY\v^^v)®T(v,OY)^iU\Ox) C Hom,^^,,$(A/'x| 

induces an equality in the fibers of g for all rigid points z G Z, which 

can be seen by comparing dimensions over Qp. □ 



8.3. Construction of a crystalline family. Now we want to use the re- 
sults of the preceding subsection to construct an open substack Df^ C Djf* 
on which there exists a family of crystalline representations giving rise to 
the restriction of the universal filtered (/3-module. The main point is to show 
that a family of Gx^o'i'^Pi'^sentations and an extension of the associated 
etale (/3-module to a certain (/3-module on the open unit disc "glue" together 
to a family of Gx-i'epresentations. 

Proposition 8.23. Let X G Adjj^ he reduced and (9Jt, he a ip-module of 

height 1 and rank d over with associated filtered ip-module {D,^,T*). 

Then 

U:={xeX\ rkfc(,)+ Hom^[o,i) ^{M (g) k{x), ^'^^ k{x)) = d} 




and this set is open and 
is a vector bundle on U . 



Proof. We have a canonical injection 

(8.3) ^om^yo.i) ^{m,j^'^^) ^ =^om.^^,$(9Jl®^|,,i) £/x,^)- 
By Corollary \82T\ the set 

U' = {x£X\ dim^^ Rom.j^^^^^{Ll{Tt^^^o.i) ^x),^^^) = d} 
is open and the sheaf 

om^^^$(9}t (g)^[o,i) ^/xy'S^x) 
restricts to a locally free Oj-module on U'. 

We claim that U = U' and that ()8.3p is an isomorphism on U. The inclusion 
U C [/' is obvious and we have to prove the converse. Let 

/ G r(y, jrom^^,$(9Jt0^^|,.i) ^x,^)) 

= Homr(v,^^),^(r(y,9K®^[o,i) s^x),T{V,^)) 



FAMILIES OF FILTERED (/^-MODULES AND CRYSTALLINE REPRESENTATIONS 47 

for some affinoid V C U' . This equality is true, as is locally free. For 
some m G T{V, 9H) C T{V, Tl <S^[o,i) s^x) we then have 

/(m)(x) G s^''^^ ®k{x) 

for all rigid analytic points x G ^ by |Ki2[ Corollary 2.1.4], and hence we 

find that jira) G r(y, ' ) by Lemma [8.61 ^ ^ is reduced. It follows that 
/ restricts to an element of 

Hom^^^^^^,i)^^^(r(y,9JT),r(y,=«^'^))). 

□ 

Proposition 8.24. Let X be a reduced space and $) be a ip-module of 
height 1 and rank d over such that 

rkfc(^)+ Hom^^o,i)^;.(^)^^(5Jt O k{x),.s^'^^ ® k{x)) = d 

for allx G X. Write (D, ^, J^') for the filtered ip-module associated to (9Jt, 
by the period morphism. There is a canonical isomorphism of Ox -modules 

(8.4) J^om^^o.i) ,^{m,^'^^) ^z, Qp Ji^om^^Fii{D,Ox®Bcris). 

Further 8 = V*^:^^{D) := M'om^^-pwiD^Ox^Bcris) is a vector bundle of rank 
d on X with a continuous action of Gk such that there is a canonical iso- 
morphism of filtered ip-modules 

^omo^[Gj,]i£,Ox§>Bcris) = {D,'^,J^'). 

Proof. The point of this proposition is that |Ki2[ Proposition 2.1.5] (see also 
[BrCol Proposition 11.3.3]) works also in the relative case. We give the 
definition of the map and refer to [BrCoj for the details. 
Write 

M = m(^ .10,1) 

for the vector bundle on X x U associated with 

First the map A''^'^-* ^ W{R) ^ i^cris (compare also (18.20 ) induces injec- 
tions 

cris ) ■ 

Secondly consider the map 

= ^om$(L>, OxiScris), 
given by composing with the ^-compatible injection 

^ : D 0Ko ^x^^ ^ M 
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of Lemma [5.11 The resulting map (18.4p is injective, as the source is a vector 
bundle on a reduced space and the kernel vanishes at all rigid points. Further 
the map has image in 

which can be seen as follows: The inclusion is true for all rigid points by the 
argument in the proof of |BrCo| Proposition 11.3.3] and, as X is reduced, 
locally on X the sections of J^om^^pii{D,Ox^QpBcris) are identified with 

Hom$(L>, Oxi^cris) n ]jHom$,Fil(^ H^), H^) ®Qp ^cris), 

where the product runs over all rigid points x G X. 

Now V^risC-D) is a vector bundle on X which has a continuous G^-action 
induced from the action on -Bcris- 

Finally the evaluation map 

D J^Omo^lGKji-^Om^^FiiiD, Ox^Bcris), Ox^-Bcris) 

defines an isomorphism: The map is clearly injective, as D is a coherent 
sheaf on a reduced space and the kernel vanishes at all rigid points. Further 
the cokernel of the induced map of finite Ox<8i-Bcris-rnodules 

vanishes at all rigid points and by the usual argument we conclude that it is 
an isomorphism. The claim follows from this after taking Gx-invariants on 
both sides. □ 

Theorem 8.25. The groupoid that assigns to an adic space X G Adjj^ the 
groupoid of triples {D,^,J'') G such that 

dim^-(^^(4IUt0^joa,%/=''^ = <i 

k(x) 

for all X G X and any choice of an integral model 93t C M_{D) in a some 
neighbourhood U of x [where is the map ^5^), is an open sub- 



stack S^'^™ C 2)™*. For any finite extension F of Qp we have = 
= Tl^^{F). Further there exists a family of crystalline representa- 
tions S^""" on Df"^ such that 

Proof. It is clear that the condition 

dim^-(^^(497l0^[M)%/=''^ = d 

k(x) 

is independent of the choice of an integral model in a neighbourhood of x. 
Further this condition is fpqc-local by Proposition 18.22] By the Proposition 
above we can define the sheaf S^^" in the universal case, i.e the open sub- 
space of Hesxo/Qp GL^ X Grj^^j^ defined by the condition in the theorem, as 
this is reduced. This vector bundle is well defined as Deris commutes with 
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pullbacks and as two crystalline representations £i and £2 are isomorphic if 
^cris('fi) and -Deris ('^2) are isomorphic (see Lemma l8.16p . Now £]^^" can be 
defined in general by pullback from the universal case. □ 



8.4. Universality of the admissible locus. We now want to show that 
the substack constructed above with its crystalline family is indeed the stack 
of crystalline representations. The main point is to show that the (^-module 
associated to the restriction of a crystalline family to Gk^o overconvergent. 

Let 1/ be a dominant cocharacter of the algebraic group Res/^/Q^ GL^^ as 
in (j5.ll) . defined over E. We say that a family of crystalline representations 
£ on X has Hodge-Tate weights v if the filtration on Deris ('S') ®Ko K is of 
type V. 

Theorem 8.26. The groupoid 

families of crystalline representations on X 



•^^P cris • ^ I with Hodge-Tate weights v 

on the category Ad'^'' is isomorphic to the stack Dff^ and hence is an open 
substack of DJ^^. Especially it is an Artin stack over Qp. Further it is 
contained in the image of the period morphism and contains all rigid analytic 
points of^l 



u ■ 



Proof. The injectivity of the morphism Deris from the stack of crystalline 
representations with Hodge-Tate weights i' to Du follows from Lemma [8.161 
The rest of the claim is an immediate consequence of the propositions below. 

□ 

Proposition 8.27. The morphism 

Deris : Rep^,.^ 

factors over the image of the period morphism SJ^^ CZ 

Proof. Let X be an adic space and £ a family of crystalline representations 
over X. Write Deris(^) = iD,^,J-*) for the associated filtered 93-module 
on X. As S™* C is open and factorizing over an open subspace may 
be checked point wise, we may assume that X is reduced. We consider the 
inclusions 

^5'^^(^^®^cris)^^ CM = M{D) 

C X-^^f^\£0B^nsf^ C f-gSeris, 



where A is the element defined in (15. 2p . 

Then the Gj^^ -action on C £^QpBcTis is trivial as this is true for all rigid 
analytic points x (z X. Hence 
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for some < r < r^l^"^ < s < 1 near the boundary and where 
Now 



as the cokernel vanishes at all rigid analytic points and X is reduced. We 
find that a G^c^ -invariant Oj^ lattice C E (which exists locally on X) 
defines an integral structure in 

M ®^[o,i) ^J'^l = {M 0^10,) JJ'^I)^-- = {E ®Ox ^J'^^)"""-. 

Now the claim follows from Theorem 17.61 □ 

Proposition 8.28. The morphism 

Deris ■■ Rep^3 

factors over the admissible locus 'S^^ C 

Proof. Let X be an adic space and E a family of crystalline representations 
on X with Dcris{E) = {D, ^,J^*). Again we may assume that X is reduced. 
By Proposition 18.271 we may choose locally on X a (^-module (9Jt, ^) of 
height 1 over (compare Definition 17. 4p which is an integral model for 

{D,^,J^*). Then the canonical map 

E (9JTC5 .[0,1) ^xf="^ 

^x 

is an isomorphism of G/^^-representations. Indeed, it is injective, as £" is a 
vector bundle on a reduced space and the kernel vanishes at all rigid analytic 
points. Further the cokernel of the induced map of finite =^^x-modules 

Ex (S>Ox — > 9Jt O^[o,i) 
^x 

vanishes at all rigid points of x. As X is reduced this map is an isomorphism 
by the argument of Corollary 18.81 The claim now follows after taking <I>- 
invariants in both sides. □ 



We end this section by giving two examples of a crystalline families and 
the corresponding filtered 93-modules. 

Example 8.29. Let X = = Spa{Qp{T,T-'^) ,Zp{T,T-'^)) and K = Qp. 
Consider the 1-dimensional filtered 93-module D = Ox with <I> given by 
multiplication with T and = D ii i < and J-"* = if i > □• Then 
this family is weakly admissible and has an integral model on X. The fiber 
at a rigid point a € gives rise to the unramified character mapping 

the Frobenius to a. But this does not define a continuous character at the 



This example is due to G. Chenevier in the context of overconvergent r)-modules, 
see |KL] for example. 
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Gauss point t] £ X, as the character Z k{rj)^ mapping 1 G Z to T has no 
continuous extension to Z. In fact the admissible locus is given by 

where the disjoint union of open unit discs is indexed by the closed points 

of Gm, Fp • 

Especially we see that S^^™ C S'J** in general. 

Example 8.30. In this example we want to show that in general the admissible 
locus is not just a disjoint union of deformation spaces of residual Galois 
representations (or rather some quotient of this), as in the first example. 
Let X = M = Spa{Qp{T) ,7jp{T)) and K a ramified extension of Qp with 
E(u) G Zp[u] the minimal polynomial of some uniformizer. Consider the 

integral family given by SDt = ^^'^^ei ^^'^^62 and 

^ {el) = (0 Eiu)) {el) ■ 

For a rigid point x this is an extension of the cyclotomic character with 
the trivial character which splits over the origin. But any neighbourhood 
of the origin contains points, where this extension does not split, and the 
representations on the punctured unit disc are isomorphic. Hence the whole 
family is admissible and the residual representation is non constant. 
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